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Preface

The field of signal processing, as it stands today, abounds in varied generalizations
of system theoretic concepts that can be said to rest on the notion of symmetry, and
on group theoretic methods of exploiting symmetries.

A wide range of such generalizations and developments rely centrally on a tran-
sition from the classical Fourier theory to the modern theory of non-commutative
harmonic analysis, with its roots in the representation theory of groups. In the
framework that emerges through this transition, all the basic notions—transforms,
convolutions, spectra, and so on, carry over in a form that allows a wide variety of
interpretations, subsuming the old ones and admitting new ones.

This book is an introductory treatment of a selection of topics that together serve
to provide in my view a background for a proper understanding of the theoretical de-
velopments within this framework. Addressed primarily to beginning graduate stu-
dents in electrical and communication engineering, it is meant to serve as a bridge
between what they know from their undergraduate years, and what lies ahead for
them in their graduate studies, be it in the area of signal processing, or in related
areas such as image processing and image understanding, coding theory, fault diag-
nostics, and the theory of algorithms and computation.

I assume that the reader is familiar with the theory of linear time—invariant
continuous—time and discrete—time systems as it is generally taught in a basic un-
dergraduate course on signals and systems. There are no mathematical prerequisites
beyond what they would have learnt in their undergraduate years. Familiarity with
rudiments of linear algebra would be helpful, but even that is not necessary; what-
ever of it is needed in the book, they can pick up on their own as they go along.

A point about pedagogy. In teaching mathematical concepts to engineering stu-
dents, a plan of action that is commonly followed is to separate what is regarded
as mathematics per se from its applications, and to introduce the two separately in
alternation. Thus one first introduces them to differential equations, linear or mod-
ern algebra, or discrete mathematics, on abstract lines as they would appear in a
mathematics text, and then one turns to their applications in solving engineering
problems.

This plan works well, perhaps just about, when the students are fresh to their
engineering studies. But at a stage when they have already had their first exposure
to basic engineering principles, it has an inhibiting influence, both on their pace
of learning and on their motivation for it. Faced with a new abstract concept at
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viii Preface

this stage, they instinctively begin to look for a pattern in which the new will fit in
smoothly, and through analogies and metaphors, with what they already intuitively
know of their main subjects. They look for the sort of experience that, for instance,
they had at the time they learnt their elements of Euclidean geometry, when they
saw how the theorem on triangle inequality, logically derived from the axioms,
agreed with what they knew all along about triangles as they drew them on paper.
It is the same experience which they had while learning elements of graph theory
concurrently with network analysis. More generally, they look for a backdrop of
intuition against which they would like the abstractions to be set and to unfold.

Study of new mathematical structures becomes, as result, an easier and more
pleasant task for such students if the abstractions are presented seamlessly with
their concrete engineering interpretations. I have tried to keep this point in mind in
my presentation in this book.

The contents of the book are organized as follows. Chapter 1 is devoted to an
overview of basic signal processing concepts in an algebraic setting. Very broadly,
it is an invitation to the reader to revisit these concepts in a manner that places
in view their algebraic and structural foundations. The specific question that I ex-
amine is the following: How should system theoretic concepts be formulated or
characterized so that they are, in the first instance, independent of details such as
whether the signals of interest to us are discrete, discrete finite, one—dimensional, or
multi—dimensional. Implicit in this question is a finer question about representation
of signals that I discuss first, focussing attention on the distinction between what
signals are physically, and the models by which they are represented. Next I dis-
cuss those aspects of linearity, translation—invariance, causality, convolutions, and
transforms, that are germane to their generalizations, in the context of discrete sig-
nals. Chapter 2 presents in a nutshell those basic algebraic concepts that are relied
upon in a group theoretic interpretation of the concept of symmetry. In Chapter 3,
the points made in Chapter 1 about the choice of mathematical models is taken up
again. Chapter 4 is about symmetry and its algebraic formalization. Representation
theory of finite groups is introduced in Chapter 5. Chapter 6 gives a final look at the
role of group representation theory in signal processing.
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Chapter 1

Signals and Signal Spaces:
A Structural Viewpoint

1.1 What Is a Signal?

The notion of a signal, like that of weight or temperature, is a two-sided one. We
commonly think and speak of signals as functions of some sort, with numerical
values both for their domain and for their range. Yet, signals to begin with have to do
with what we perceive of objects and events around us through our senses. We could
thus, to be more explicit, say that the term signal carries within it two connotations,
one empirical and one formal. The former refers to the physical world in which
statements about its objects and events are true or false in the sense that they are
empirically observed to be so. The latter, on the other hand, refers to abstractions
that are members of a formally defined mathematical world in which statements
about a class of its members are true or false in the sense that they do or do not
logically follow from the initial definitions and axioms governing that class.

To make the point clearer, consider the familiar notion of heaviness of an object
for instance. How heavy an object is, we describe by means of its weight given as a
number. The feeling of heaviness is, however, something empirical, and is assessed
qualitatively. It is a matter of empirical verification that on every occasion that we
check, we find two objects put together to be heavier than either of them individu-
ally, and therefore we inductively infer this to be a universal rule about all objects.

About numbers, on the other hand, it is a matter of deductive inference from the
axioms of arithmetic that the sum of any two positive numbers is greater than either
of the two. It makes sense to quantify the perception of heaviness by assigning
numbers to objects as their weights because we have at our disposal a practical
procedure, based on a device such as a pan balance, for assigning numbers to objects
in a very special way. The resulting assignment is such that there is a match between
what we find to be empirically true about objects regarding their heaviness, and
what is logically true about their numerical weights on account of their arithmetic
properties.

V.P. Sinha, Symmetries and Groups in Signal Processing, Signals and Communication Technology, 1
DOI 10.1007/978-90-481-9434-6_1, © Springer Science+Business Media B.V. 2010



2 Signals and Signal Spaces: A Structural Viewpoint

This match between empirical attributes and their numerical representations
may not, of course, be a total one. That is, the representations may be such that only
some of the fundamental properties of numbers are put to use, the others having no
meaningful role. Thus, both in the case of weight and temperature, real numbers
are the means of representing empirical attributes—those of heaviness and hotness.
But, whereas in the first case both the additive and ordering properties of numbers
are relevant, only the ordering property is relevant in the second case and addition
of numbers has no meaningful role.

Looked at in the same light, signals are primarily empirical entities, and based
on their key attributes empirically determined, we choose for their representation a
matching system of formal objects, like numbers, functions or relations, in a manner
that may not always involve all attributes of these formal objects.!

To take a common example, take the case of audio signals, i.e., sounds as we
hear them. Experience has shown us that sounds are characterized by air pressure
variations with respect to time at the location of hearing, and that pressure and
time are empirical entities that can be numerically represented through appropriate
measurement procedures.

As a result of all this, we obtain for an audio signal a numerical representation
in the form of a function s : T' — P, where T is the set of reals assigned to
time instants running from infinite past to infinite future, and P is the set of reals
as assigned to pressures corresponding to sounds. Since on values of incremental
pressure, all possible arithmetic operations are meaningfully admissible, the full
real number system figures in the representation of signal values in this case.

For the set T" of time instants, however, the situation is different. Since we per-
form only translation in time, at least in the situations we ordinarily encounter, the
relevant operations on reals are addition and subtraction but not multiplication and
division. That is, in the representation of time instants, we make use of the real
number system only partially; we limit ourselves to a subsystem of it that consists
of reals under addition, subtraction, and to accommodate the distinctions between
past, present and future, also the relation of ordering.

So much for the general nature of signals. As far as signal processing theories
are concerned, we do, of course, think of signals purely in terms of their formal rep-
resentations, with the understanding that the right representations have been chosen
and whatever conclusions we draw from a study of these representations, we can
give them meaningful interpretations for the physical entities they represent.

In digital signal processing, these representations take the form of sequences or
arrays of numbers. We are in general interested, for a class of such sequences or
arrays, in the kind of relationships they bear amongst themselves, in the way they
are affected when we perform certain kinds of numerical operations on them, and
also in the design of such operations to produce certain desired effects. Further,

'For more on this issue from the point of view of modeling, see Rosen [29, Chapters 2, 3]. The
book as a whole makes profound reading, touching on several fundamental issues.



1.2 Spaces and Structures 3

amongst different classes of signals, there is a great deal that is common. We are
interested in that too.

Two very familiar classes of signals that we come across in digital signal pro-
cessing are those of one-dimensional (1-D) discrete signals consisting of sequences
of reals, and two-dimensional (2-D) discrete signals consisting of 2-D arrays of
reals. For signals of either kind, we talk of addition, scalar multiplication and con-
volution, and of their linear and shift-invariant processing. Suppressing the detailed
formulae characterizing these actions for the two cases, we find that they obey the
same algebraic rules of manipulation. For the effects of the actions that can be traced
back solely to these rules, we need not then distinguish between the two classes of
signals. We may in fact treat them, to start with, within one generalized framework.

Such a framework is provided by the notion of a signal space, as we shall see a
little later. It is helpful first to understand what we mean here by the general terms
“space” and “structure”.

1.2 Spaces and Structures

Let us first take up space, a term we shall use here to mean what it is nowadays
commonly understood to mean in mathematics: a set, together with certain rela-
tionships, usually of a geometric nature,” abstractly stipulated for its members, the
so-called points of the space.

Why should such an abstraction be called a space? In the language of daily
speech, by space we mean physical space, something that a chair, a table or any
physical object occupies by virtue of its shape and size. Does this commonsense
meaning have any links with the mathematical one? As we shall presently see, it in-
deed has. In naming abstract mathematical objects, the general practice is to see that
the names are suggestive of the intuitive background from which the abstractions
have evolved.® Such is the case here too.

Observe first of all that the notion of physical space is in itself an abstraction,
one that must have already come into use, as surmised in Einstein [11], at a very
early stage in the development of human thought. Distinct from physical objects, but
inextricably tied up, nevertheless, with our sensory perception of them, this notion
would have in all likelihood emerged as a natural next step in the transition from
the conception of solid bodies to that of their spatial relations. But this intuitive
conception of space did not quite acquire an explicit mathematical status until the
times of Descartes (1596—-1650) and Fermat (1601-1665).

>They may be of a geometric nature, either directly, as in the case of a metric space, or through
implied possibilities, as in the case of a vector space.

3Desirable though this practice is, it is not a necessary requirement from a purely logical point
of view. Thus in geometry axiomatically formulated on modern lines, nothing is in principle lost
if, as Hilbert is said to have remarked, wherever we say “points, lines, and planes”, we say instead,
“tables, chairs and beer mugs”. For more on this, and on the axiomatic method as understood in the
modern sense, see Kennedy [18] and Meschkowski [23, Chapter 8, pp. 63-71].
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The grounds for this had, of course, been well prepared in the geometry of the
Greeks. Euclidean geometry—that is, geometry as laid down in Euclid’s Elements
(around 300 BC), however, made no explicit use of the notion of space as such;
the mathematically idealized objects that it introduced were points, lines and planes
considered on their own, and not as members of space as a continuum.* Space was
still intuitively conceived as the container of all physical objects, and the intended
role of Euclidean geometry was to provide a mathematical framework within which
the spatial relationships of objects in physical space could be studied in an idealized
manner.’

As it turned out, this geometry did far more than that. It launched a radically new
trend in deductive reasoning—that of axiomatics, which was to have in due course
a profound and pervasive influence on all subsequent mathematical and scientific
thought. But, to start with, the axiomatic approach of Euclidean geometry, while
it showed a new way of dealing with mathematical ideas in general, it also gave
rise to serious questions about geometry itself. Was geometry a part of physics, and
were its axioms and postulates laws of physical space? Was the fifth postulate con-
cerning parallel lines really an independent postulate, or was it a theorem that could
be derived from the other axioms and postulates? Sustained enquiries of this kind
continued for over two thousand years since the first appearance of Euclid’s work.
It was finally in the mid-nineteenth century that the turning point came, when the
independence of the fifth postulate was established, and it was discovered that there
were geometries other than Euclidean, the so-called non-Euclidean geometries.®

In the new perspective that emerged, Euclidean geometry began to be seen in a
sharper focus as just another mathematical system, and not as the geometry of the
space, i.e., physical space. Every geometry was now seen to have its own space, the
points and lines of which were defined by the axioms of that geometry.

This change was part of a major reform at a more fundamental level, which had
to do with the nature and role of definitions, and with the axiomatic method in gen-
eral. In the axiomatic system of Euclid, the starting point was a set of definitions

4Presumably, there was no need at this stage to consider space as a whole. How a set of straight
lines, circles etc., were related to each other was for them a matter to be sorted out locally, without
any reference to space in its entirety. The idea of coordinatizing space as a whole, and of referring
to geometrical figures and curves in terms of coordinates of their points, originated in the works of
Descartes and Fermat on what came to be known as analytic geometry. Of their independent works
on the subject, the first to come out and to draw public attention to it was Descartes’ La Géométrie,
published in the year 1637 as an appendix to his Discourses. An English translation of this fascinat-
ing piece of work is available [30]. See Boyer [3] for a detailed historical account.

3See Einstein [11] for a very lucid account of this point and for a general discussion on the
origins of the concept of space.

%Gauss (1777-1855) was ahead of all others in seeing all this, but he kept his ideas to himself,
fearing that his radical views would be adversely received. Public attention was first drawn to these
ideas through the independent works of Lobatchevsky (1793-1856) and Bolyai (1802-1860), and it
was subsequently the unifying work of Riemann (1826—-1866) on the foundations of geometry that
brought them from the fringes to the mainstream of mathematical thinking of the time. See Boyer
[4, Chapter 24, pp. 585-590] for more historical details.
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of certain idealized mathematical objects (e.g., points and lines), followed by a set
of axioms and postulates. In the modern axiomatic approach, which grew out of
this reform and which is what is in vogue today, the idea of introducing idealized
objects through definitions is abandoned. The objects (e.g., points and lines of ge-
ometry) are, instead, introduced simply as formal terms—the primitives, with no
intuitive meanings attached to them, and they are considered to be defined by the
axioms that follow.” The full and final transition to this modern interpretation of
axiomatics, which was complete by 1899, is attributed to the works of Pasch, Peano
and Hilbert.?

For mathematics on the whole, space concurrently became a general term, to
be understood in the sense of modern axiomatics, as a set with members formally
called points and defined by the axioms. There followed in rapid succession the
notions of metric spaces, normed spaces and inner product spaces, each with its
own axiom system.’

From the intuitive settings of classical geometry and its concerns with physical
space, we have thus moved to the modern settings of abstract spaces, in which we
talk of spaces of functions or of sequences in much the same way as we talk of the
points of the Euclidean plane.

Besides this influence on the notion of space, the rise of the modern axiomatic
approach had an equally profound influence on the classification of mathematics
as a whole. While its topic-wise division into analysis, algebra, geometry, calculus
etc., continued to hold, there came into being a more fundamental classification
based on what is now commonly known as the structural viewpoint.

Culminating in the works of Bourbaki,'” this viewpoint is based on the obser-
vation that no matter what mathematical constructs one considers, whether they
belong to algebra, analysis or geometry, one can characterize and classify them in
terms of the kinds of operations, relations, and neighbourhood notions that enter
their axiomatic formalization.

"Ernst Mach (1838-1916), in his Science of Mechanics published in 1883, is credited to have
explicitly articulated for the first time this modern viewpoint. See von Mises [34], and also Hempel
[15] and Wilder [35], for details on this, and for very illuminating discussions on the axiomatic
method as it is understood today.

8Hilbert’s Grundlagen der Geometrie, published in 1899, brought it out in full glory in the
axiomatization of geometry. Peano had, in 1888, already axiomatized the concept of vector spaces
over the field of real numbers. See Kennedy [18]. Also see Boyer [4, Chapter 26, p. 659].

“Maurice Frechet, in his Ph.D. thesis in 1906, introduced the abstract concept of a metric space.
See Bushaw [5, Chapter 1, pp. 1-3] and Boyer [4, Chapter 27, p. 667]. Also see Kline [19, Chapter
46, pp. 1076-1095] for a history of function spaces and functional analysis.

10Nicholas Bourbaki is, if one were to go by the works published in this name, one of the most
outstanding mathematicians appearing on the scene in the twentieth century. In actual fact, however,
the name is a collective pseudonym for a continually changing group of leading mathematicians,
who have been at work since the 1930s on a unification drive for mathematics. As to the outcomes
of their labours in this drive, these are perhaps too advanced for us to worry about here; being aware
of their existence is just about enough. See Cartan [6] for more on the myth and reality concerning
Bourbaki.
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Consider for instance, the case of numbers under addition, and of rotations of
the plane under composition. What is it that is common between them? Well, the
rules of addition and the rules of combining rotations (e.g., commutativity and as-
sociativity), both are essentially the same, if we look at them in a properly codified
symbolic form divested of the specific meanings attached to them in the two cases.

Such commonality as we observe in these instances is a part of a general pattern
in which one mathematical construct appears to be the same as another if we ab-
stractly consider only the way its form is “internally held together”, visualizing it to
have a structure somewhat in the manner that a building has a frame or a structure
that holds it together.

At this level of abstraction, we think of an (abstract) structure, S, as a triple,
consisting of (i) a set, say S, (called its ground set), (ii) a list, O, of symbols de-
noting names of operations, relations etc., over the members of .S, and (iii) a set, L,
of rules or laws that axiomatically define the scope and behaviour of the members
of the list O. In notation, we write: S = (5, L, £). To simplify the notation, it is
common practice to omit mentioning £, assuming that it is there and it is given, and
also to explicitly list the members of O if there are not too many of them. We fur-
ther simplify the notation by using the same symbol for the structure as well as its
ground set. We thus simply write S = (S, +, x) for a structure with two operations
named “4-” and “x”.

At the core of Bourbaki’s classification, there are three basic types of struc-
tures, the so-called mother-structures, by whose amalgamation other more complex
structures may be obtained.'!

There are, to start with, the algebraic structures, in which the relationships that
hold the members of the ground set together are defined by laws of composition.
Thus, numbers under the operation of addition constitute an algebraic structure, in
which the laws of addition are the pertinent laws of composition. It is an instance of
an abstract algebraic structure called a group. There may, of course, be two or more
operations that together define such a structure, as in the case of rings and fields.

Next, there are relational structures, in which ordering relations between ele-
ments of a set (e.g., the relation “x is at most as large as y” for numbers) play the
defining role. A set of sets under the containment relation is an instance of such
a structure. So is a set of logical propositions under the relation of implication.
Posets and lattices are two of the commonly encountered relational structures of the
abstract kind.

Finally, there are the fopological structures, which rest on an abstract axiomatic
formulation of the intuitive notions of neighbourhood, distances, limits and continu-
ity. Spaces of different kinds (e.g., metric spaces, normed spaces and inner product
spaces) fall in this category.

Our interest here lies primarily in algebraic and relational structures, or rather,
in studying the various ways in which they make their appearance in the theory

1See Bourbaki [2], Cartan [6], Yaglom [36, Chapter 3, pp. 63-79] and Piaget [26,
Chapter 2, pp. 17-36] for a more detailed discussion.
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of digital signal processing, and the manner in which they help systematize our
understanding of signal processing concepts. In line with this interest, we now turn
to the notion of signal spaces.

1.3 Signal Spaces and Systems

In the study of signals, there are usually many issues that are geometrical in charac-
ter. It is commonly the case for instance that we need to have for signals some em-
pirically meaningful measures of comparison. Thus, if the signals pertain to sounds
then, by inspecting their representations, we need to be able to say whether one
sound is louder than another. Likewise, we should be able to say how different they
are from one another. We generally do this by introducing a distance function, a
function that assigns to every pair of signals a non-negative number analogous in
nature to the distances between points in physical space.

Again, when we talk of spectral components of signals, we essentially visualize
them as points in a multi-dimensional space, like points of physical space in a three-
dimensional coordinate system.

On the whole, it is thus appropriate to think of signals as points in a space, using
the term in the sense that we have discussed in the previous section. It may well be
that in a particular study, the geometrical features of signals do not explicitly come
to the fore to start with. The theoretical framework to be used in the study must
nevertheless allow for their inclusion.

So we generally refer to a class of signals as constituting a signal space, with its
quintessential properties specified by assigning to it a structure, usually algebraic.
As in the case of signals individually, for the signal space too, we work in the
representation domain, assuming that a suitable representation for it has already
been determined. Since our interest lies in what its structure implies for a space, the
structure itself we call the space.

Now, with signals and signal spaces so visualized, what of (signal processing)
systems? At the physical level, a system is intuitively thought of as an arrangement
of devices or algorithms that act on a signal received as input to produce another
signal as the output. The familiar diagram depicting this is shown in Figure 1.1.

input signal— system ——output signal

Figure 1.1 A system diagrammatically depicted

Stripped of all physical details, and reckoned in the representation domain solely
in terms of the effects it has on signals, a system is then to be regarded as a set of
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ordered pairs of signals, i.e., as a relation on the ground set of the signal space.!'?
Thus, if X is the ground set, then any subset H of X x X is a system, and for an
ordered pair (z,y) € H, x is the input and y is the output. It is ordinarily the case
that for any input, there is just one output determined by the system so that, instead
of being considered as a relation, it may be treated as a function or a mapping,
H : X — X, on the ground set. In what follows, we shall confine ourselves to such
systems. We do not, however, prohibit them from being many-to-one, i.e., from
being such that two different inputs produce the same output. Certain important
classes of them are, of course, invariably one-to-one, producing different outputs
for different inputs.

To see what all this means in concrete terms, let us now take up a specific case.
Consider a class of signals (commonly called 1-D signals) for which it is already
settled that they can be represented by sequences of reals, and that the relevant
operations on such representations are those of addition, scaling and convolution.

We begin with some basic notions, terminology and notation. For signals we
admit all (one-sided) infinite sequences of reals indexed by the natural numbers. For
such a sequence © = (zg, 1, T2, . . .), or in short (x;), we call xy, its k-th sample.
Treating the sequence as a real-valued function of natural numbers, z : N — R,
we also at times write xy, as z(k), the value of z at k, and the domain of z, in this
case N, we call the index set of the signals. We use V' to denote the set of all such
sequences.

We say two sequences = and y are equal, and write z = vy, if x,, = y,, for all
n € N. We define their sum to be a sequence z, z = = + ¥, obtained by component-
wise, or point-wise, addition: (zg, 21, 22, . . .) = {Zo + Yo, 1 + Y1, T2 + Y2, . . .). By
scalar multiplication of x by a real number «, we mean the operation of producing
the sequence {axg, ax1, as, .. .), which we write in short as ax; for @ = —1, we
write it simply as —x. Note that for any x,  + (—x) = 0). Thus, as for numbers,
subtraction as the inverse of addition is well-defined for sequences too; the sum
x + (—y), we shall in short write as © — y.

In order to formulate storage and recall operations on values of a sequence as
operations on sequences, we bring in a shift operator, D, that produces from a
sequence z a shifted sequence (0, g, x1, T, . . .), which we write as Dz. This unary
operation is in effect a function D : V' — V such that Dz(0) = 0 and Dz(k) =
xz(k—1)fork > 1.

From amongst the members of V/, we identify certain special ones whose
role will become clear as we go along. For any real number «, we call the
sequence («, 0,0, ...) ascalar sequence «. In particular, we have the zero sequence,
0 =(0,0,0,...), and the impulse, (1,0,0,...), which we give the special name 9.
Then there is the unit step, o = (1,1,1,...). Finally, there is the shifted impulse,

12We assume here for our purposes that the input and output signals are members of the same
signal space. They may, in principle, belong to different spaces. We ignore this situation.
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w = (0,1,0,...). In using a to denote numbers as well sequences, there is
admittedly some abuse of notation, but it will always be clear from the context
as to what is meant.

Given sequences z, h and y, we say that z is the convolution of x and h,
y = a * h, if their components are related by the formula'?

k
(1.1) ve =Y Thi,
r=0

The signal space in this case is then the algebraic structure V' = (V| R, D, +, %),
with R denoting here the set of unary operations on V' that consist of scalar multi-
plication by reals.

As to a system, to go by the general definition given earlier, it is in this case
a function from V to V. There is, however, a limitation. Recall that the common
definition of a function is simply that it is a list or a table of ordered pairs of domain
and range elements such that every domain element is associated with a unique
range element. A rule is assumed to be given that enables us to identify for any
domain element the corresponding range element from this table. But what is this
rule? What if the rule says, “Look up the table”? It would make no practical sense
if the domain and range sets are large or infinite.

We overcome this difficulty here by assuming that the system function takes
the form of a computational algorithm. To be more specific, by processing an input
sequence x through a system we shall understand computations on the input values
to produce a new sequence y at the output, the computations organized in stages
such that at the k-th stage of computing, yo, y1, - - -, Yk, its values up to index k,
become available. Further, the computations at any stage are to involve the usual
real number arithmetic on a finite set of real numbers, some of them being values
of x and others preassigned and stored in memory independently of x.

The shift operator, D, or any (finite) power of D, is in this sense admissible
as a system. Further, if in the convolutional formula (1.1) we treat h as a given
fixed sequence (with values h, given in a closed form as a function of %) then this
formula too defines a function that is admissible as a system, which we will call a
convolutional system.

Let us now examine certain structural issues related to our signal space. Recall
that for an abstract structure, the ground set is an abstract set, with operations and
relations for its members defined by a set of axioms that are explicitly laid down
without any reference to what the members of the ground set stand for. In the present
case, we have a concrete situation in which the ground set consists of a special kind
of numerical objects—the sequences of reals. The operations on them have been
defined in terms of operations of another structure, namely, the structure of real
numbers.

These operations on sequences do, however, have properties whose statements
are free from any explicit reference to the arithmetic of real numbers

I3[ assume that you are familiar with this convolutional formula and its basic properties.
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(e.g., z +y = y + x). As we shall see, some of these properties are sufficiently
deep to merit the role of axioms for an abstract structure of which our signal space
V is a particular instance. Let us, to start with, consider the following.

P1 V is closed under every one of its operations, i.e., the sequences produced by
them are also members of V.

P2 For any x € V, x = x. Further, for x,y,z € V, if v = y then y = x. Also, if
x = yand y = z then x = z. These are respectively the so-called reflexive,
symmetric and transitive properties of the equality relation.

P3 z +y =y + z, i.e., addition of sequences is commutative.
P4 Forany z,y,z € V,z + (y + 2) = (x + y) + 2, i.e., addition is associative.
P5 z+ 0 =0+ z = z; we call 0 an identity element of addition.

P6 For any sequence z, there is the sequence (—1)z such that x + (—1)z =
(=1)z + x = 0; we say that for z, (—1)x is its additive inverse.

P7 a(z+y) = (ax) + (ay) forany z,y € V and any a € R.
P8 z xy = y * x, i.e., convolution is commutative.
P9 zx (y*z) = (x *y) * 2, i.e., convolution is associative.
P10 2 % = § x & = x, i.e., there is an identity element for convolution.
Pll zx (y+ 2) = (x xy) + (z x 2), i.e., convolution distributes over addition.

P12 For any two sequences = and y, if z * y = 0, then either z = 0, or y = 0 or
both.

P13 a(z+y) = (ax) xy = x x (ay) forany z,y € V and any o € R.

P14 ax = « * z, i.e., scalar multiplication by « is equivalent to convolution by
the scalar sequence a.

P15 Dz = w x* z, i.e., the operation of shifting is equivalent to convolution by the
shifted impulse.

Starting from the numerical definitions of sequences and operations on them,
it is an elementary matter to check these properties; only for P12, and may be for
P13-P15, we need to do some extra work.

Let us now suppress the fact that the members of V' are sequences, and also
ignore the definitions of equality and the various operations in terms of components
of sequences. All we know about them, let us say, is that they satisfy the conditions
P1-P13, whatever the elements of V' may actually be.
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Significantly, a great deal can be deduced about the members of V/, and the
operations on them, solely from these properties. Here is a simple example that
gives a foretaste of their potential power.

Example 1.3.1 As mentioned in P35, 0 is an identity of addition, satisfying the con-
dition z + 0 = 0 + x = x. Let us check whether there is another element, u, which
also satisfies this condition.

One could check this for sequences by proceeding as follows. Assume that there
is such a u. Then for any sequence x, x;+uj, = xy, and therefore from the properties
of real numbers, u; = 0 for all k. That is, there is no identity element of addition
other than 0.

But this could also be shown without bringing in numbers. Again suppose that
besides an element 0, there is another element u that satisfies the condition x 4+ u =
u+x =2z forany =z € V. We then have in particular, 0 + u = v+ 0 = 0. But,
since 0 is itself an identity, © + 0 = u. Combining the last two sets of equalities and
invoking P2, we get « = 0. On the whole, we can then say that an identity element
for the operation + on 'V, given that it exists, is unique. 0

Observe that in this alternative derivation of the result, the “internal” numerical
nature of sequences does not figure at all. The result about the uniqueness of identi-
ties is thus a general result for an abstract algebraic structure whose axioms include
P2 and P5.

Packaged in different combinations, P1-P13 serve as axioms for a variety of
abstract structures, each of which is rich in properties derivable from its axioms. A
selection of such abstract structures will be discussed in the next chapter. For now,
we continue with the signal space of sequences.

One important point about this signal space, as we find from properties P14—
P15, is that the operations defined on sequences are not quite independent of each
other; scalar multiplication and the unary operation D both can be replaced by con-
volution. Further, even if we confine ourselves to addition and scalar multiplication,
the operator D and convolution can be accommodated in the form of systems. This
suggests that the signal space of sequences can be treated, without any loss of gen-
erality, in two alternative abbreviated forms: one, as the structure (V, 4+, R) and two,
as the structure (V, +, *).]4 It is, however, the first form that is more in tune with the
approach commonly adopted in the study of signals and systems. Let us therefore
focus on that first, and examine further the nature of systems.

For the signal space (V,+,R), there are three basic methods of combining
systems to produce new systems—cascading, summation, and scaling.

Cascade Given two systems H and G, their cascade, H(G, is the system defined in
accordance with the usual composition law of functions: (HG)xz = H(Gx).
For H H, we write H? in short, so that by H?(x) we mean H(Hx).

4The first form makes it a vector space, and the second one a ring.
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Sum For two systems H and G, their sum, H + G, is the system defined by the
condition (H + G)zr = Hz + Gz.

Scalar Multiple For a system H, a scalar multiple of it, written aH, is a system
defined by the condition («H)x = o(Hx) for every x € V, where « is a real
number.

Consider now the set, S, of all systems on the signal space V. Cascading and
summation are binary operations on S, and scalar multiples define for it a family
of unary operations, which we denote by R as in the case of signals.'> Closure of S
under these operations is implicit in their definitions.

It is easily verified that both cascading and summation are associative operations.
Further, summation is commutative, but cascading is in general not. Additional
properties will come to light as we go along. The important point that follows from
all this is the following.

Proposition 1.3.1 Like the signal space V, systems on V also constitute collec-
tively a structure, namely, the structure (S,+,0,R), where o denotes cascading
(composition).'®

This structure becomes all the more “lively” and interesting when we impose
on systems additional constraints of practical significance.

1.4 Linearity, Shift-Invariance and Causality

We have already outlined certain computational constraints on the form of systems
we are to admit in our study of the signal space (V,+,R). But, even with these
constraints, the choice we have for their form is enormously vast, in fact too vast
to be of relevance for most practical purposes. Requiring them to be linear, shift—
invariant and causal is one way of judiciously restricting this choice. We now look
at these three properties one by one.

1.4.1 Linearity

Very broadly, a system is said to be linear if it satisfies the superposition principle,
or alternatively, if it is additive and homogeneous. In our case it means that a system
H:V — Vislinearif, forany z,u € V' and « € R, it meets the conditions: '’
Additivity: H(z+4+wu) = H(z)+ H(u)

(1.2) Homogeneity: H(az) = a(Hzx)

SWhile cascading is valid on any signal space whatever, summation and scaling are structure—
specific; note the way the addition and scaling operations of the signal space enter their definitions.

16Such a structure is commonly referred to as an algebra.

171 should mention here as an aside that the two conditions together are equivalent to the
single condition H(ax + By) = a(Hz) + [S(Hy) for any real o and (. Further, homogene-
ity is, at least partially, implied by additivity. For, H(1z) = 1(Hz), and assuming additivity,
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Example 1.4.1 It is easily checked that the shift operator, D, is a linear system. So
is a convolutional system. |

Let us now see how the various operations on systems are disposed towards
linearity.

Proposition 1.4.1 If systems F' and G are linear then so are FG, (F + G) and
oF, where o is any scalar multiplier. Further, for the set of all linear systems, the
cascading operation distributes over summation.

PROOF: Using additivity of F'and G, FG(z+u) = F(G(z+u)) = F(Gz+Gu)) =
FGx + FGu, for any z,u € V, i.e., FG is additive. Its homogeneity follows in a
similar manner, and so F'G is linear. Likewise we show for the sum and scalar
multiple.

Consider now three systems F', G and H, and suppose that I is linear. Then
F(G + H)r = F(Gx + Hx) by definition, and from the linearity of F, finally,
F(G + H)x = (FG)x + (FH)z for any & € V. Thus, cascading in this case
distributes over summation. This is, however, not true for G(F + H) or H(G + F),
unless we assume GG and H also to be linear. That is, for linear systems, cascading
distributes over summation. 0O

An instructive way to look at a linear system is to regard it as a structure-
preserving mapping. Let me clarify this point with the help of an analogy. When
you look at yourself in a mirror, your face in the mirror image has a likeness to your
actual face, even though the depth information is lost in the image. Neighbouring
points of your facial contours remain neighbouring points in the image, and so on.
Indeed, the mirror establishes between an object plane in front of it and the corre-
sponding image plane, not just a simple point-by-point mapping, but one that keeps
intact many of the geometrical relationships amongst the points of the object plane.

Consider now a structure consisting of a ground set V' and a number of relations
Ry, Ry, ..., R, onV.Foramapping H : V — V to have the mirror-like property,
it needs to be such that it preserves the relations R, i.e., if any of the relations holds
for a set of points of V' before applying the mapping then it should also hold after
applying the mapping. More precisely, if one of the relations, say Ry, is a binary
relation and (z,y) € R, for z,y € V then (H(z), H(z)) € R;. Similarly, if Ry is
a ternary relation and (x,y, z) € Ry then (H(z), H(y), H(z)) € Ry. Since a unary
operation is a binary relation, and a binary operation is a ternary relation and so on,
our stipulation for relational structures equally covers algebraic structures.'®

H(nz) = H[(n—1)x+x)] = H[(n—1)z] + H(z). If homogeneity is true for (n — 1), then
by mathematical induction, H (nz) = nH () for any positive integer n. With a little more work on
the same lines, it can be shown that for any rational «, additivity implies homogeneity. This cannot
be said, however, for all reals. There are interesting deep set theoretic matters involved here. See
Hrbacek and Jech [16, Chapter 9, pp. 177-178].

18 A unary operation on a set X maps a member x € X into another member y € X, so that the
operation can be looked upon as a binary relation consisting of a subset of X x X; likewise, a binary
operation can be looked upon as a ternary relation consisting of a subset of X x X x X.
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Thus, to say for our signal space (V,+,R) that a system H : V — V satisfies
the linearity conditions (1.2) is to say that it is a a structure—preserving mapping.
With this in mind, we are in a position to look at linearity in a broader light, relating
it to what are called homomorphisms of structures. As an illustration of this point,
consider the fact that a system is in general permitted to be a many-to-one mapping,
i.e., for two distinct inputs it may produce the same output. Now, if it is linear,
are there conditions under which it would be one-to-one, i.e., distinct inputs will
produce distinct outputs? The following result, which is a special case of a property
of homomorphisms in general, gives one such condition.

Proposition 1.4.2 An additive system H : V — V is one-to-one if and only if
Hax = 0 implies that x = 0.

PROOF: Let us first take note of some supportive details. To begin with, since H is
additive, H(0) = H(0+0) = H(0)+ H(0) so that H(0)— H(0) = H(0)+ H(0) —
H(0),i.e., H(0) = 0. Consequently, for additive H, H(z)+ H(—x) = H(z—x) =
H(0)=0,ie., H(—z) = —H(z) forany z € V.

Now suppose that if Hx = 0 then x = 0. Consider x,y € V such that
Hz = Hy. Then H(z) — H(y) = H(y) + H(—y) = 0. Then, since H is addi-
tive, H(z —y) = 0,1.e., . —y = 0. Thus H(x) = H(y) implies that z = y, i.e., H
is one-to-one.

Conversely, if H is one-to-one, then for any u € V, if H(u) = 0, since
H()=0,u=0." 0
Comment: Consider alongside this result the case of linear simultaneous equations,
Az = b, where A is a square matrix. For a given arbitrary vector b, how many
solutions does it have? We know that if there is a nonzero w such that Au = 0
then the equation has more than one solution. If, on the other hand, there is no
such u then it has a unique solution. Correspondingly, A is invertible, and there is a
one-to-one relationship between the given vectors and the solutions.

One important consequence of assuming linearity is that it significantly reduces
our work in cataloguing system input-output pairs. Thus if the outputs H (z) and
H(u) for inputs x and u respectively have already been determined, then we need
not separately determine the output for any linear combination of  and uw. More
generally, if our signal space is such that every signal is a linear combination of
a fixed finite set of signals then a matching linear combination of the responses
to these fixed signals gives the output for any other input. Further simplifications
result if we invoke, in addition to linearity, the remaining two properties, namely,
shift—invariance and causality. Let us now consider them one by one.

9The various intermediate steps might seem like fussing over what is trivially obvious. But that
is because of our familiarity with the properties of numbers under addition. You will appreciate their
merit better if you study algebraic structures in general.
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1.4.2 Shift-Invariance

System theory was, in the early phases of its development, concerned mainly with
the study of signals related to temporal events, and with their processing in “real
time”. A system in that context came to be called time—invariant if its input-output
relationship did not change with time.?’ More specifically, if no changes were made
in the input except shifting it in time by a certain amount, then for such a system the
corresponding output too would not undergo any changes except an equal amount
of (time) shift or translation. Note that the role of time is incidental here. The crucial
thing is that for functions representing signals, the domain should have a structure
that allows us to properly define their translates or shifted versions. It does not
matter whether the physical origin of the signals is temporal, spatial, or any other.
For the property under consideration, a more appropriate name therefore is shift—
invariance.

Now, for the signal space (V,+,R), we have a natural way of defining shifts,
and of describing them using the shift operator D. For a signal x, Dz is its translate
with a single shift, D%z its translate with two shifts, and so on.”! We then say that
asystem H : V. — V is shift—invariant (or translation—invariant) if it commutes
with the shift operator D, i.e., if it satisfies the condition

(1.3) HDx = DHzx forany xze€V.

Comment: Note that instead of (1.3), textbooks usually stipulate the apparently
more general requirement: D" = D"H for any n. But, if HD = DH, then
HD* = HDD = DHD = D*H, and likewise, HD™ = D"H for any n. Con-
dition (1.3) is thus equally general for the present purposes. We will see, how-
ever, when we consider other kinds of signal spaces, that the condition needs to be
stated for several (generalized) shift operators rather than just one. The needs in this
respect are decided by the structure of the index set.

Example 1.4.2 The system D", for any finite power n, is shift-invariant. So is a
convolutional system. 0

Proposition 1.4.3 The set of shift—invariant systems is closed under the operations
of cascading, summing and scalar multiplication. In other words, for shift—invariant
systems G and H, their cascade GH, sum G + H and scalar multiple o F are also
shift—invariant.

PROOF: For the cascade operation, this can be brought out as follows: (GH) Dz =
G(HD)r = (GD)(Hz) = (DG)(Hz) = D(GH)x forevery z € V.

2Tn physical terms, an RLC circuit, for instance, produces the same response no matter when
you apply the input, whether today or tomorrow.

2IRecall that D™ denotes the composition of the operator D applied n—times in cascade. For
instance, by D%z we mean D(D(z)).
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As to the sum, using linearity of D in the last but one step, its shift—invariance
is seen as follows: ((F'+G)D)z = (F +G)(Dz) = F(Dz)+G(Dx) = (FD)x+
(GD)x = (DF)x + (DG)x = D(Fz) + D(Gz) = D(Fax + Gz) = D(F + G)z.

Similar manipulations, coupled with the fact that D is linear, establish shift—
invariance of the scalar multiple o F'. O

The set of shift-invariant systems is a proper subset of the set of all systems.
Yet, in view of its closure under cascading, summing and scaling operations, it is a
structure in its own right—a structure “within” the structure that we have mentioned
earlier of all systems on V.22

1.4.3 Causality

We finally turn to causality. For signals and systems that relate to temporal events,
its lay meaning is essentially that effects cannot appear before their causes. Un-
like linearity and shift—invariance, causality is in this sense an intrinsic feature of
systems for signals that represent temporal events. Whether we think of time as
consisting of instants or epochs, there is the past, the present and the future, and
ruling out for us the power to know what is to come in the future, all we can hope
to achieve and work for is to condition our responses to what has already been up
to now.

Carried over to the more technical setting of system theory, this essentially
amounts to saying that if two temporal signals are identical up to a certain point
in time then the outputs of a system corresponding to these signals are also identi-
cal up to that point in time.

Since over physical space, there is no such natural ordering of points as in
the case of time, and no corresponding distinction like past, present and future,
it follows that for signals of spatial origin, such as pictures and images, there is
no compulsory requirement of causality for systems. All the same, we very of-
ten artificially impose this condition on systems even in more general settings not
necessarily temporal.

In the case of the signal space (V,+,R), we define a causal system as fol-
lows: Consider a system H : V' — V and any two of its inputs z and u. We
say that the system H is causal if the inputs are identical up to some index n, i.e.,
zp = u, for 0 <k < n,then the corresponding outputs are also likewise iden-
tical, i.e., (Hz)r = (Hu), for 0<k <n.

Example 1.4.3 The operator D™ is causal, and so is a convolutional system. O

Observe that this definition depends on the ordering relation “<” that is avail-
able on the index set N. In all then, to take care of the notions of shift-invariance

22Formally, it is an instance of a substructure, a term we shall properly examine in the next
chapter.
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and causality, we are pressing into use for the index set of signals the structure
(N, +, <). Admittedly in this case, “+” and “<” are related.”® But in more general
situations, the two may be independently defined. In some situations, there may not
be an order relation defined on the index set, and in that case we do without the
notion of causality.

1.4.4 Characterization

In a technical sense, to characterize the members of a set defined in terms of a
certain property is to give an explicit form, or an alternative expression, which the
property entails for them in the light of some additional properties that the set has.

Thus, when we define linearity for functions, we essentially declare, to start
with, that their domain and range have adequate structure to allow for additivity and
homogeneity conditions to be stated for them, and then stipulate that the conditions
are satisfied by the functions. If we now additionally stipulate for them the property
that they are real-valued functions of a real variable, then for such a function, say
f : R — R, we can further claim that it is linear if and only if it has the form
f(z) = ax, where a = f(1). In so claiming, we have given a characterization of
such linear functions. Of course, a characterization in general may not be as explicit
as this. It may even consist of a necessary and sufficient condition that guarantees
the defining property.>*

Characterization of linear, shift-invariant and causal (LSIC) systems is what we
examine next. We have, to start with, the following result that provides an alternative
simpler form for the causality condition if we assume the system to be linear.

Proposition 1.4.4 A linear system on the signal space V is causal if and only if, for
any input whose values are zero up to an arbitrary index, the corresponding output
is also zero up to that index.

PROOF: Take the “only if” part first. For a linear causal system, H : V' — V,
consider an arbitrary input z, and another input u whose values are zero up to an
index n and arbitrary beyond n. Then inputs = and = + u are identical up to index n,
and, since H is causal, the outputs Hx and H (x + w) are also identical up to index
n. But H is linear, and so H(z +u) = Hr+ Hu,and Hu = H(x +u) — Hz. Thus,
for k <n, (Hu), = 0.

ZFor a,b € N, we say a < b if and only if there is an ¢ € N such that a + ¢ = b. The product ab
is similarly defined in terms of addition. Of course, for our present purposes, the product operation
has no place in the role of N as an index set.

24 A striking example of this is the so-called alternation theorem of minmax approximation the-
ory. For the approximation of a real function by a polynomial of a fixed degree, it reads roughly as
follows: the maximum deviation of the polynomial from the function is minimum over the interval
if and only if the peaks of the error function alternate in sign as many times as the degree and are
equal in magnitude. Filter designers make copious use of this result. See Rice [28, Chapter 3, p. 56]
and Cheney [7, Chapter 3, p. 75] for the theorem, and Rabiner [27, Chapter 3, pp. 127-139] for
filter applications.



18 Signals and Signal Spaces: A Structural Viewpoint

Let us now argue in reverse for the “if”” part. Suppose that the system is linear,
and that if an input is zero up to index n then the corresponding output is also zero
up to index n. Let z and u be two inputs identical up to index n, so that x —u is zero
up to n. In that case, by hypothesis, H(z — u) is also zero up to n. Then, invoking
linearity of H, we conclude that Hx and Hwu are identical up to n. 0

Exercise 1.4.1 Give an example of a system that is causal but nonlinear, and for
which there is an input that is zero up to an index n, but the corresponding output
is not zero up to the index n. (Hint: Examine the system for which the output y is
given in terms of the input x by the formula y, = (2 + 1)%.)

As already pointed out in Examples 1.4.1-1.4.3, if a system is convolutional,
then it is also LSIC. As we shall presently see, the converse is also true. Putting
these two facts together, we have, in all, the following result.

Proposition 1.4.5 An LSIC system, H, is characterized by a convolutional formula
of the form (1.1), where h is the sequence HJ, the response of the system to an
impulse. We thus have Hx = x  h for any signal x.

PROOF: Our full task is to show that a system is LSIC if and only if it is convolu-
tional. The “if” part has already been verified by you.

Let us see the “only if” part. For any sequence x, let (™ be the sequence
obtained by truncating z after n:

x(n)—{xk : 0<k<n
L 0 : k>n
Since H is causal, clearly, Hx and Hx(™ are identical up to the index n. For values
of Hz up to index n, we may therefore examine Hx(™ instead. Now, 2™ may be
expressed, using the shifted impulses: z(") = ooz D,

Then, since H is linear and shift-invariant, writing h for H§, Ha™ =
Yoy D"h, and in terms of the sequence samples, [H,r<")]k => " a2 (D"h)y.

Now, by definition, (D"h)y = 0 for r > k and (D"h)y = hy_, for r < k, so that

[Hx(")] P = Zl::o Trhg_p.
Thus, finally, we have

(Hx)k— Hx(") Zlhk , for k<n.

Since n is arbitrary, the convolutional formula holds in general for any output
value of an LSIC system.” O

2 The argument I have used here is not exactly one of mathematical induction, and it can be
faulted for not being really rigorous. But it will do for the present.
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Comment: Our use of truncates in the proof might raise some doubts. Why not just
use the expansion z = Zfio x,D"9, and for Hz distribute H over the infinite sum?
Although this is very often done, we avoid this here. Addition, which is a binary
operation, is defined, to start with, for two elements, and by successive applications
it can properly be extended only to a finite number of elements. In order to talk
of infinite sums, we have to bring in additional definitions incorporating notions of
convergence. This is unnecessary here. Using truncates and invoking causality, we
get a more appropriate and direct proof.

Corollary 1.4.6 Any two LSIC systems commute i.e., if H and G are two LSIC
systems then HG = GH.

PROOF: Being LSIC, H and G are convolutional, with impulse responses i and
g. Then for any z, since convolution is commutative and associative, (HG)z =
H(Gx)=H(z*xg) = (r*xg)xh=xx(gxh)=xz*x(hxg)=(xxh)*xg=
G(Hz) = (GH)x. O

Proposition (1.4.5) explains why convolutional systems occupy such a central
place in digital signal processing. Once we have determined the impulse response
of an LSIC system, we can in principle compute its output for any input, using the
convolutional formula. This result is certainly a powerful tool for the analysis of a
system whose “inner details” we do not know except that it is LSIC. For purposes
of design, however, it is not a very practical one. For, even though every output
sample requires a finite number of computations in convolution, this number grows
with the index.

It is therefore preferred in practice to confine only to those convolutional sys-
tems that can be realized, i.e., implemented in the form of an algorithm, such that
for any output sample, there is required only a fixed finite number of computa-
tions. These are the so-called non-recursive and recursive realizations. They have
the following forms.

(1.4) Non-recursive: y = ZaiDi:v
i=0

(1.5) Recursive: y = ZaiDiw—ZbiDiy,
i=0 i=1

where m and n are (fixed) given positive integers and a; and b; are given real
numbers.

Although the non-recursive realization is a special case of the recursive one, it
is common practice to consider it separately on account of its simpler properties.
Looking at them together for the moment, (1.5) may be rewritten as

(1.6) b D"y + b, 1 D" 'y+ - 4+ b Dy+y=a,D"x+ -+ ayz,
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in the form of a difference equation, also called a recurrence relation, whose
solution y is sought for a given . Expressed in terms of the samples of ¢ and z, it is

(1.7 Y + 01yp—1 + - F OuYh—n = QoTk + A1 Tp—1 + - - F ATl

where, x, = y, = 0 forr < 0.

It is easily verified that both the realizations are LSIC, and are therefore char-
acterized by their impulse responses. For the non-recursive type (1.4), the impulse
response is the sequence

<a0,a1,.. .,am,0,0,.. ‘>,

where the a;’s are given coefficients.

An LSIC system whose impulse response has only a finite number of nonzero
samples is commonly called a finite impulse response (FIR) system. Correspond-
ingly, a LSIC system whose impulse response has infinitely many nonzero samples
is called an infinite impulse response (IIR) system.

Proposition 1.4.7 An LSIC system is of the FIR type if and only if it has a non-
recursive realization. A recursive system is of the IIR type, but not every IIR system
has a recursive realization.

PROOF: The first two parts are simple to verify. The last part calls for some work.
Skipping the details, it should suffice for the present to mention that the impulse
response of the recursive system (1.5) is the solution of the difference equation (1.7)
for x = §. Such equations admit only certain kinds of sequences as solutions. It
follows that not every sequence qualifies as the impulse response of a recursive
(LSIC) system. An illustrative example is the sequence (h;|h; = (0.5)). O

1.5 Convolutional Algebra and the Z-Transform

So far we have looked at the signal space V' as the structure (V,+,R). It is time
for us to change tack and examine it as the structure (V,+, %) instead. We shall
presently see that it is an algebraic structure of the same species that integers under
addition and multiplication are, and that we can embed it in a structure of fractions
exactly in the same manner that from integers we obtain ordinary fractions. Such
an embedding enables us to accomplish for sequences all of what is commonly
accomplished with the help of the Z—transform.®

26 A transform such as the Laplace or the Z—, with which I assume you are already familiar, maps
the given functions into functions of a complex variable. The merit of this mapping is that, in addition
to being linear, it replaces operations of differentiation, integration, shifting, and convolution of the
original functions by ostensibly simpler algebraic operations in the transform domain. The idea
of using addition and convolution as the basic operations on functions, and of using fractions of
functions, was utilized by Jan Mikusinski [25] in the fifties to provide an alternative to the Laplace
transform. For more on its applications to sequences, see Traub [33].



1.5 Convolutional Algebra and the Z-Transform 21

The structure (V, +, %), which we call here a convolutional algebra, has its main
properties already laid out in the set of statements P1-P15 on page 10. These prop-
erties are:

1. Closure under addition and convolution (P1)

2. Basic properties of equality (P2)

3. Basic properties of addition (P1-P6)

4. Basic properties of convolution (P8-P10 and P12)

5. Distributivity of convolution over addition (P11)

Reading multiplication for convolution, these are precisely the properties that
govern the algebra of integers under addition and multiplication. We may thus say
that our convolutional algebra is structurally the same as (Z, +, -), the set Z of
integers under addition and multiplication. Note in particular that, by P12, the usual
cancellation law for multiplication of integers (i.e., for nonzero «a, b and ¢, ab = ac
implies that b = c¢.) has its equivalent for convolution of sequences. Bearing this
structural similarity in mind, let us now refer to convolution as multiplication of
sequences, and write “z * 1 simply as “zy”.%’

One limitation that Z and V' have in common is that they are not equipped
with multiplicative inverses, although they do possess multiplicative identities
(1 for integers and ¢ for sequences). To be more precise, for any nonzero integer
a other than 1, there is no integer b such that ab = 1. It equivalently means that
for given nonzero integers a and ¢, there may not be an integer b such that ab = c.
Since this point is not as obvious in the case of sequences, let me give an illustrative
example.

Consider a sequence y for which yy, # 0, and let i denote its shifted version
(0, Y0, Y1, Y2, - - -)- You can see that wy = h. Is there a sequence x such that hx = y?
There is none. For, if there were, since hy = 0, its convolution with & would give
yo = (hx)p = horo = 0. But yy # 0 by hypothesis. So there is no such sequence x
in this case. Another way to put this fact is to say that for a sequence h there may
not be a sequence ¢ such that h x ¢ = 9. Thus convolution, like multiplication of
integers, does not admit of an inverse operation.

The lack of multiplicative inverses is overcome in the case of integers by passing
to fractions. For sequences too, the same strategy works. By a fraction z/y let us
now understand an ordered pair (x,y) of sequences with y # 0, and let V denote
the set of all such fractions. Consider then the new structure (V, +, -), where, by

?"Integers under addition and multiplication, and sequences under addition and convolution, are
instances of a structure known as an integral domain.
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analogy with fractions of integers, equality and its two operations, addition (+),
and product or multiplication (-), are defined by the following rules.?

1. We say z/y = u/v if the sequences z, y, u and v satisfy the condition
axv = vy. (Just as 2/3, 4/6 are equal fractions, although formed from differ-
ent integers, so are apparently different fractions equal so long as they satisfy
the stipulated condition. Thus (za)/(ya) = z/y.)

2. The sum (z/y) + (u/v) is any fraction equal to the fraction (xv + uy)/(yv).

3. The product (z:/y)(u/v) is any fraction equal to the fraction (zu)/(yv).

Comment: Notice that equality on V, like that for ordinary fractions, partitions
V into disjoint subsets of equal fractions; any two members of such a subset are
interchangeable in computations with fractions. The idea will become clearer in the
next chapter when we discuss equivalence relations.

With equality, addition, and product®® so defined, fractions of sequences may
be manipulated like ordinary fractions, and the structure (V, +, ) behaves like the
algebra of ordinary fractions.*® Note in particular the following points. Using “1” to
denote the unit sequence d, the fraction 0/1, which we will write simply as 0, is its
additive identity, i.e., for any fraction = /y, x/y+0 = 2/y. The fraction 1/1 (or sim-
ply 1) is its multiplicative identity, i.e., (x/y)1 = x/y. For a fraction x/y, =,y # 0,
y/x is its multiplicative inverse, i.e., (z/y)(y/x) = 1. Every fraction other than 0
has a multiplicative inverse. Finally, while a sequence x by itself is not in V, the cor-
responding fraction /1, or any fraction equal to it, behaves virtually the same way.
Thus, for sequences x and y, (/1) + (y/1) = (z+y)/1and (z/1)(y/1) = (zy)/1.
Sequences , implicitly treated as fractions with 1 in the denominator, can therefore
be regarded as members of V.

Let us now take a look at certain special sequences expressed as fractions.

Example 1.5.1 To express the unit step o = (1,1, 1,...) as a fraction, first expand
it as
o=(1,1,1,...) =(1,0,0,...y + (0,1,1,1,..) =1 + ow.

Then, rearranging and using the rules for fractions,

O

2Strictly speaking, we should use different symbols to designate equality and addition here,
because they are not the same as those for sequences. But that would make the notation cumbersome.
So we use the same symbols in both the cases.

29 As in the case of the convolution sign, we shall omit the product sign and write p - ¢ simply as
pq for fractions p and q.

30Such a structure is called in algebra a field.
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Example 1.5.2 The sequence = = (1,a, a? a3, ...) may be expressed as

r = (1,0,0,...) 4+ (a,0,0,...5(0,1,a,a® a®,...)

= 1+ awx,

where a in the second step is a scalar sequence. The desired fractional form for it is
then
1
T = .
1 —aw

O

Example 1.5.3 Consider an IIR system described by the recurrence relation y =
2+ 0.5Dy, with input samples 2, = (0.8)*. Its output 3, expressed in the fractional

form, is then
1 1 1

T 105w 1-05wl— 08w
and by partial fraction expansion,

Y

53 25/24
Y 1 05w T 1-080

Reverting to sequences, the output samples are then,
yr = (5/3)(0.5)% 4 (25/24)(0.6)"

O

Exercise 1.5.1 Show that the sequence z, ), = sin(k#), has a fractional represen-

tation )
wsin 6

- 1 — 2w cosf + w?

X

You should now be able to convince yourself that for a system described by
the equation (1.6), the relationship between the input and output sequences can be
expressed as a ratio of polynomials in w, analogous to the Z—transform transfer
function:

Yy ag+ aw + agw? + - 4 apw™

1.8 2= ’
(18) x 1+ bw + bow? + - - - + bw™

where w* means w convolved k times, and «;’s and b;’s are scalar sequences. Indeed,

if in the fraction (1.8), y and x are replaced by their Z—transforms, and w is replaced
by z~! then it becomes the usual transfer function of the system in the Z—transform
domain. Using the standard notation for the Z—transform, it is the function

(1.9) Y(2) ap4arz' +asz 4+ apz"
' X(2) 14bzl4byz2+4-+bzn’
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where X (z) and Y (z) are the Z—transforms of the sequences x and y, and a;’s and
b;’s are the real numbers corresponding to the scalar sequences of (1.8).

It should be clear by now that the convolutional algebra has inherent in it all
the arithmetic-like properties that we normally associate with signals and systems
by going over to the transform domain. Are we to think that this algebra, or rather
its extension to a structure of fractions, offers us an alternative superior to the Z—
transform in any way? Not really; the two amount essentially to the same thing. It
is, however, instructive on two counts.

First, it illustrates the general idea of creating new structures from old ones
(fractions from integers or sequences). This idea consists of going through the fol-
lowing steps. Starting with a given structure (integers or sequences of reals), and
using elements of its ground set, define a new ground set (e.g., ordered pairs of in-
tegers or sequences). Next, introduce for this new ground set a new set of relations
and operations analogous in type to those of the older set, inheriting all their proper-
ties (as in the case of equality, addition and multiplication of fractions), and having
some more of their own (like inverse of multiplication). The resulting new struc-
ture, consisting of the new ground set, taken together with the new relations and
operations, is a richer structure than the older one, and at the same time it contains
within it the older one (integers can also be interpreted as fractions).’! We shall see
more of this when we look at algebraic and relational structures more closely.

Secondly, it serves to illustrate the idea of treating signal spaces and systems
in terms of their underlying structures. In the next section, we turn to yet another
illustration of this idea, in which the focus is on transform domain techniques for
signals and systems on finite index sets.

1.6 Shifts, Transforms and Spectra

The classical theory of linear time—invariant systems for continuous—time signals
has given rise in its wake to analogous theories for various other classes of signals
(e.g., 1-D, 2-D, discrete, and discrete finite). As we shall presently see, the connec-
tions between these theories go deeper than mere analogy. Observe, to start with,
that all of them are centred on specific interpretations of two basic results: one, that
a linear shift—invariant system is characterized by convolution, and two, that the
transform of the convolution of two signals equals the product of their transforms
(the convolution theorem).

Thus, in the case of discrete signals, the place of linear continuous—time
convolution and Laplace and Fourier transforms is taken over in these results by
discrete convolution and the Z—transform. The Discrete Fourier transform (DFT)

31Complex numbers, treated as ordered pairs of reals, provide another familiar illustration of this
strategy.
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acts the same way for discrete finite signals under cyclic convolution, and the
Walsh—-Hadamard transform™ for dyadic convolution of discrete finite signals.*

A general theory, which covers all these variations as special cases, comes into
view if we recognize that for the pertinent classes of signals, there are associated
notions of translations or shifts over the index sets of these classes, analogous to
that of translating signals in time.

Take for instance the case of images, or rather, signals that are represented
by functions of two spatial coordinates. Their translations are composites of two
1-D translations, one along each of the two coordinates. With respect to these twin
translations, one then has 2-D translation—invariant systems characterized by 2-D
convolutions and corresponding 2-D transforms, both for the continuous and dis-
crete cases.**

So, while signals belonging to the different classes differ in matters of detail—
like whether they are continuous or discrete, 1-D or 2-D, they are identical in struc-
ture. To be more specific, they are functions defined on index sets that have identi-
cal structures, and their shifts or translates over their index sets are characterized by
identical algebraic properties determined by the structure of the index sets. The sys-
tem theoretic concepts of shift—invariance, convolutions and transforms rest in the
main on these properties of shifts. Convolutional and transform domain characteri-
zations of linear shift—invariant systems consequently admit of a unified treatment
in which the versions specific to different classes of signals are particular interpre-
tations.

Such a treatment highlights the important role that modern harmonic analysis
and the representation theory of groups play in the study of symmetry, of which
shift—invariance is an interesting instance.® In the rest of this section, we shall see
its broad outlines, concentrating on the case of signals and systems defined on finite
index sets.

321f you are not familiar with this, see Harmuth [14] to get an idea.

33For all these transforms, there are also multi-dimensional generalizations. See Dudgeon and
Mersereau [9]. Yet another generalization of recent origin is the so-called slope transform for mor-
phological signals and systems. See Maragos [22].

340f course, in the chain of developments along these lines, one soon finds that there are prob-
lems peculiar to the 2-D theory, requiring fresh thinking to deal with them. A case in point is the
problem arising from the fact that for the so-called fundamental theorem of algebra—an n-th degree
polynomial of a single variable has precisely n roots in the complex plane, there is no counterpart
in the two variable case. See Antoniou [20, p. 3] for more elaborate comments on this issue. To
get an idea of the nuances of the theory of functions of several complex variables, see Grauert and
Fritzsche [12].

33This point will come up for closer scrutiny in later chapters, but if you already feel curious
enough about modern harmonic analysis, see Gross [13] for a brief but elegant treatment, and
Mackey [21] for a masterly account of the key ideas set in a historical perspective.
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1.6.1 Shift-Invariance on Finite Index Sets

Recall first of all that in the case of continuous—time (—oo < t < 00) signals
and systems, the operation of translating or shifting a signal x in time by 7 is that of
subjecting it to a shift operator D, to produce a signal D, x, with values (D, z)(t) =
x(t — 7). We are implicitly assuming here that time, which is the index set in this
case, has the structure of the real line under addition. More formally, the index set in
this case is the structure (R, +), for which “—t” denotes the additive inverse of “t”.

Now, for a finite index set, /, to analogously admit of translations, it needs to be
astructure (I, @), where @ is a commutative associative binary operation on I, with
respect to which (a) there is an identity element, 0, in [ i.e., fora € I,a® 0 = a,
and (b) the elements of I have inverses i.e., for a € I, there is a=! € I such
that @ ® a~! = 0.%° To have a notation matching that of subtraction for numbers,
let us write b © a to mean b @ a~'. For a signal, which we consider in this case
to be a function x : I — R, we can then think of translation or shift on / by
any element a € [ as applying to it a shift operator D,, defined by the condition
(Dox)(b) =x(b®a™t)=2z(b&a) forallb € I. D, is clearly a linear operator.

In this context, we call a linear system, H, shift—invariant if for any input signal
x, it satisfies the condition HD,(z) = D,H(z) forall a € I.

If we apply two shifts in succession, then for all a € I, the resulting signal has
values

(DyDex)(a) = (Dy(Dex))(a)
= (D.x)(a©b)
(a8 bSc)
2(a© (b c))
= Dyg.x(a)

i.e.,
Dch = DbEBc

In particular, DyD, = D,Dy = D,, and for any D, there is Dg, such that
D,De, = Dy.

It can thus be seen that, besides being inherently associative, the shift operators
are also closed, commutative and invertible under composition, and have D, as
their identity element. Consider then the structure D consisting of the set of these
operators under composition, and let p : I — ID be a map with values p(a) = D,.
Then clearly, p is a structure preserving one—to—one onto map: p(a®b) = p(a)p(b).
In other words, (I, @) and (D, -) are isomorphic structures.

Consider now the special functions d,, a € I defined by the condition

s ={o 0y

36See P1-P6 on page 10. In the language of algebra, I is a finite abelian group.
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You may verify by comparing values that d, is a shifted version of y: D 0y = d,.
Clearly, any signal x can be written as a unique linear combination of these
functions.’” To be more specific, for any z, there is a unique expansion,

x = Z x(a)dq

(1.10) = Zx(a)Daéo

acl

A finite set of functions that provides a unique expansion of this kind for any z,
we shall refer to as a set of basis functions.>®

Referring to dy as the impulse, let & denote the impulse response of a system H,
i.e., h = Héy. Expressed in the form (1.10), h has the expansion

h=_h(a)Dado

acl

Further, if H is linear and shift—invariant, then its output for any input = has the
expansion

y = Hx
= Zm(a)HDuéo

acl

= Z x(a)D,(Hdp)

acl

= > x(a)Dy ¥ _ h(b)Dydy

acl berl

= > (D r®)Dy | (x(a) Dado)

acl bel

> h®)Dy |z

bel

3TWe are treading on linear algebra here. The set of all signals under addition and scaling by
reals has the structure of a finite dimensional vector space in this case. Saying that there is a unique
expansion in terms of the §’s for any x is equivalent to saying more formally that the ¢’s are lin-
early independent, and that they constitute a basis for the space. Although not essential, it would be
worthwhile brushing up your linear algebra at this stage. For a compact introduction, see Artin [1].

381n linear algebra a basis is commonly introduced as a linearly independent set of vectors that
spans the space. We mean essentially the same thing, except that for a finite dimensional vector
space, we have put it differently in terms of the notion of uniqueness. This appears to be a more
parsimonious way of introducing the concept at this stage. Uniqueness of expansion is equivalent to
linear independence.
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So we conclude that a linear shift—invariant system, H, is a linear combination
of the shift operators, i.e.,

(1.11) H = Z h(a)D,,

acl

where the coefficients h(a) are the values of its impulse response h = Hdy. More-
over, since the the shift operators commute, any two linear shift—invariant systems
H and G also commute, i.e., HG = GH.

Finally, by further expanding x, we get

y = Hux
- (bezl h(b)Db> (;x(a)Da> 8o
_ <az€;;x(a)h(b)Dueab> 8o
- ;x(a) (; h(b)Da@b> do
— ; z(a) (; h(co a)Dc> do
— ; (; z(a)h(c o a)) Dedo
- Zg; (Ze; z(a)h(c o a)) de

Comparing this form of y with its unique expansion, y = »___;y(c)d., of the
form (1.10), we thus find that for a linear shift—invariant system H on the index set
1, the output y is the convolution of the input x and its impulse response h, i.e., the
values of y are related to those of x and h by the convolutional formula

(1.12) y(c) = Zx(a)h(c@ a), forcel.

acl

It is a straightforward matter to check the converse, namely, that a system whose
input—output realtionship is given by the convolutional formula (1.12) is a linear
shift-invariant system H whose impulse response is 5.

Having thus generalized the notions of shifts, shift-invariant systems, and their
convolutional characterization, we need in addition to be sure that these notions are
not vacuous for finite index sets.>

3Suppose there were no finite index sets of the stipulated kind (finite abelian groups). In that
case there would be nothing that our derivations, even though correct, would refer to. At least one
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To see that they are not, let us now examine, for a concrete illustration of these
ideas, the case of finite discrete signals, consisting of n—tuples of reals. It would
suffice to concentrate on the case n = 4.

Example 1.6.1 For the index set, let us choose Z,, i.e., the set of integers 0, 1,2, 3
under modulo 4 addition; “®” and “©” then respectively mean addition modulo 4
(+4) and subtraction modulo 4 (—,). You may check that it meets all requirements
that we have placed on index sets.

For a signal, we have a 4—tuple of the form x = (xg, 21, ..., x3), or a function
x : Zy — R, with z; denoting x(7), and all such signals under pointwise addition
and scalar multiplication by reals constitute the signal space. A system is corre-
spondingly a transformation on this space, taking 4—tuples into 4—tuples. The four
shift operators Dy, Dy, Dy, D, are linear systems that produce shifts as shown in
Table 1.1 below.

() H Lo T1 Xy X3
(Dol')() To X1 X9 I3
(Dll')() T3 Ty X1 X9
(Dox)(:) || @2 23 T a1
(Dgl’)() 1 T2 XT3 To

Table 1.1 Four shifted versions of a signal on Z,

It will suffice for us here to take a simple matrix approach, treating signals as
4 x 1 column vectors, and linear systems as 4 x 4 matrices. Thus for a system H
producing output y = Hx from an input z, the matrix relationship in detail is,

hoo hor ho2 hos Zo Yo
hio hit hia his A Y1

1.13 =
( ) hoo hor haa hos ) Y2
hso har hsa hss €3 Ys

The four shift operators are, in particular, the permutation matrices, D; shown
in Table 1.2 below.

The matrices D; form a closed commutative set under multiplication, with D
as the identity element.** To be specific, it may be verified that

DiD]‘ = D]Dz = D(i+j) mod 4 — D(j+i) mod 4-

such set, and preferably many such different sets, must therefore exist for the abstractions to have
any significance. We will have more on this when we discuss abstract structures in general.

400bserve that D> and D3 equal D? and D3 respectively. The matrices form a special kind of
abelian group—the so called cyclic group— of which one single member, raised to different powers,
gives all other members.
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1000 0001
0100 1000
Po=149 010 Dr=19100
L0 00 1] 001 0|
[0 0 1 07 [0 10 07
0001 0010
D2=11 000 Ds=10 001
L0 10 0] 1100 0|

Table 1.2 The four shift operators on Z,

The structure 1D, which consists in this case of the set of matrices D; under
multiplication, is isomorphic to Z,. Indeed, the map p : I — D, with values p(i) =
D;, is one-to-one and onto, and p(i +4 j) = p(i)p(4).

For H to be shift-invariant, it is required that

(1.14) HD;=D;H, i=0,1,2,3.

‘What does this constraint mean for the matrix H ? Well, we know that it is of the
form (1.11). But just as a cross check, let us work it out through sheer brute force
by examining the 64 identities given by (1.14). Containing a large number of redun-
dancies, they can be checked to show that, with hg, k19, hog, h3o put respectively as
ho, h1, ho, hs, H turns out to be a cyclic matrix, with its first column producing the
others through downward cyclic rotations:

ho h3 h2 hl
_ | v ho hs ho
(1.15) H= hy hy ho hs
hs he hi ho
The cylic form of H implies that it has the expansion
(116) H = hODO + thl + }LQDQ -+ th37

which is indeed the form (1.11).

Now, h, the first column of H, is its response to the impulse o = [100 O}', ie.,
Hé&y = h.*! Further, it can be verified that, in view of (1.15), Eq. (1.13) reduces
to the following input—output characterization for shift—invariant systems on Z, in
terms of cyclic convolution modulo 4.

3
(1.17) Yi= Y kb kymoaa, 1=0,1,2,3.
k=0
This checks with our general result (1.12). O

4 For a matrix A, A/, A, A*(= A’) will denote its transpose, (complex) conjugate and conjugate
transpose respectively.
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Exercise 1.6.1 For the set of integers {0, 1,2,3}, let the binary operation “@®”
denote dyadic addition, which is defined as follows. For any a in this set, let a;a,
denote its two—place binary equivalent. Then for a and b, a @ b is the integer satisfy-
ing the condition (a®b); = a; + 2b;. That is, this addition, or sum, is binary addition
without carries. Verify that the integers 0, 1, 2, 3 under dyadic addition are as good
for an index set as Z,. Work out the counterparts of the results of Example 1.6.1.

The next natural step for us now is to look at a transform domain characteriza-
tion that converts convolution (1.12) into point—wise product.

1.6.2 Transforms and Spectra

In obtaining a convolutional characterization of shift-invariant systems on the finite
index set I, we relied on the expansion of a function in the form (1.10), in terms of
the fixed set of basis functions {J,|a € I'}. This expansion is local in the extreme in
the sense that its coefficients are simply the values of the function at various points
of the index set individually.

In a very broad sense, transforms have to do with alternative expansions in
which each of the coefficients provides some global information about the func-
tion as a whole, rather than locally at each point of its index set.*?

There are, admittedly, many different choices of basis functions and correspond-
ing expansions, much the same as we have innumerably many different choices of
coordinate systems for representing points in a plane. Which set we choose depends
on what features of signals we want it to highlight, and what special relationships
we want it to have with systems to be used for processing the signals.

For our present purposes, we require of the basis functions that they be for shift—
invariant systems on the index set I what (complex) exponentials are for linear
time—invariant systems.

To be more explicit, suppose that there is a set of real— or complex—valued func-
tions on I, say {¢,|a € I}, in terms of which there is a unique expansion for any
signal z, i.e.,

(1.18) r= Fada,

acl

where 2, are the coefficients of this expansion.

Treating the coefficients z, as the values of a function Z on /, and allowing both
x and the corresponding map % to be complex—valued, we can say that the expan-
sion (1.18) defines a one-to-one onto linear map on the signal space, mapping z

42Seeing transforms from this angle has given rise to noteworthy developments in two areas.
One is the area of digital logic and fault diagnostics. For details, see Hurst [17]. The other is of
multiresolution signal representation using wavelet transforms. See Meyer [24] and Strang [32] for
a good introduction.
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into 2. Considering that it is one-to-one onto (i.e., invertible), it is more convenient,
as we will see, to christen its inverse, for which we write W:

(1.19) i=Wu.

In addition, we call Z the transform of x, or the spectrum of x.

The property that we would like the ¢,’s to have is simply this: every one of
them should be a common eigenfunction (eigenvector) of all shift operators D,
(and thereby of all linear shift—invariant systems) on I.

Imposing such a condition on the ¢,’s has deep implications for them. Let us
see. Consider such an eigenfunction f. Let us treat the corresponding eigenvalues
of the shift operators as values of a function x on I, writing the condition as D, f =

x(a ) f>
Then for any a,b € I, since (D, f)(b) = f(b@® a™'), we have

(1.20) flo@a)=x(a)f(b).
In particular, for b = 0 (the identity element of I),
(1.21) fla) = f(0)x(a) foralla € I.

Thus, in view of (1.20), the eigenfunction f is simply a scaled version of
the function x. Furthermore, since the shift—operators under composition form an
abelian group isomorphic to I, it follows that

Dpgay-1f = De-1Dy1 f .
Equivalently, in terms of the eigenfunction f, we conclude that

x(b@a)f = x(a®b)f
= x(a)x(®)f.

That is, if f # 0, then the function x satisfies the equation,
(1.22) x(a & b) = x(a)x(b).

For the sake of normalization, we put f(0), the value of f for the identity ele-
ment of I, equal to 1. The desired basis functions are then functions that satisfy the
equations

(1.23) D, = ¢cla ),
(1.24) pla®b) = é(a)pe(b) forall a,b,cel.

43Yes. The notation is rather puzzling at first glance. In using x(a~"'), and not x(a), to denote
the eigenvalue of D,, the motive is to keep in line with the action of D, on f.
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Stated in words, condition (1.23) means that the values of a basis function are
the same as the associated eigenvalues of the shift—operators, to within a reordering!
One simple function that satisfies the two conditions is the one whose value at every
point of [ is 1. We shall refer to it as the constant function, and label it as ¢, the
basis function indexed by the identity element of I. No matter which I we consider,
this is one of the desired basis functions.

There is yet another surprising and interesting consequence of the condition
we have imposed on the basis functions. This has to do with orthogonality, and is
brought out through an averaging procedure. For any function f on I, consider the
mean M (f) defined by

(1.25) M(f) = ﬁZf(a%

acl

where |I| denotes the cardinality of the set I. Then, since the values of D, f are
simply those of f reshuffled, M (f) = M(D,f) for any a € I. On account of this
invariance, it is called the invariant mean.**

For two functions f and g, the shift of their product is the product of their
individual shifts: D,(fg) = D,(f)D.(g). Further, if the two are eigenfunctions of
the shift—operators, satisfying (1.23), then*’

M(fg) = MA{D.(f9)}

= M{(Daf)(Dag)}

= fla")g(a " )M (fg) forevery ae€l.
Thus,
(1.26) {1—flaHgla™)} M(fg) =0.

In particular, if f = g # 0 then, since M (ff) > 0,

(1.27) flaHf(a™®) = 1 forevery acl
(1.28) and, M(ff) = 1.

We thus see that the magnitude of any of the basis functions is every where equal
to 1, and that the invariant mean of the square of its magnitude is 1.4

In case f # g, then {1 — f(a"')g(a~')} can not be zero for every a € I, and
from (1.26), M(fg) =0, i.e.,

(1.29) |—}| > fla)g(a) = 0.

acl

“Invariant means and invariant integrals provide an important vantage point in modern harmonic
analysis. For more on this, see Edwards [10, vol. 1, pp. 21-26].

45For a function f, f denotes its complex conjugate.

46The second part can also be said to mean that the basis functions are normalized with respect
to the invariant mean as inner product.
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In other words, under the condition we have imposed on them, the basis
functions are mutually orthogonal.*’ A startling revelation indeed, and even more
so because it is a natural consequence primarily of the fact that the index set has the
structure of an abelian group.

An immediate corollary of orthogonality is that we have a simple inversion for-

mula for the expansion (1.18), giving the coefficients &,:*

(1.30) iy = M(x¢,) forevery b€l

Now, since (;5;{0) = 1 for every b € I, and the impulse d is zero every where
except at 0, M (dp¢p) = 1 for every b € I. Thus the expansion for dy is,

(1.31) IR

acl

That is, the transform of the impulse &y is the constant function, which is also
the basis function ¢o. The impulse response, 5, of a linear shift—invariant system
H, for which the ¢,’s are eigenfunctions, can in turn be seen to have the expansion

h = Héy

= Y Ho,
ael

o ho= ) At
acl

where ), is the eigenvalue of H for the eigenvector ¢,. Then, since the expansion
for h is unique, A\, = fza, the value of the transform & of h at a.

More generally, expanding an input = of H, and also its output y (= Hz),
we have

(1.32) y=> faba

ael
and also,

y = Hzx

= H Zi'a¢a

acel

(1.33) = > hefabu.

ael

#TTake note of the fact that M (fg) qualifies as what is called an inner product in linear algebra,
making the signal space an inner product space.

#8Use the familiar trick of Fourier series expansion. Multiply both sides by ¢, take the invariant
mean and invoke orthogonality. We are indeed doing a generalized fourier analysis here.
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Then, invoking uniqueness of the expansion for y,
(1.34) o = hota, a€l.

But we also know that y is the convolution of z and h, as in (1.12). We have
thus established the convolution theorem in this case: the transform of the convolu-
tion of two functions (Eq. (1.12)) on I is the pointwise product of their individual
transforms.

In line with conventional usage, it is appropriate to call h the spectrum of the
system H, this being the function by which it scales the spectrum of its input to
give the spectrum of its output.*

We may now ask whether there do actually exist, besides ¢q, other basis func-
tions of the kind we have discussed, with all their nice properties? Not only they
do, they can be constructed in a systematic manner, using representation theory of
groups, a topic we shall examine in Chapter 5.

For the present, we close the discussion with a concrete example.

Example 1.6.2 We continue with the index set Z, in the same spirit in which we
have looked at convolution in Example 1.6.1, treating signals as column vectors and
systems as matrices. In order to identify the transform in this case, we have to first
check whether the shift operators D, have the right kind of common eigenvectors.

Using standard results of matrix theory, and the fact that they commute, it can
be shown that the operators D; do have a common set of four linearly indepen-
dent eigenvectors. You may check that the four (complex—valued) vectors shown in
Table 1.3 are indeed these eigenvectors. Further, in view of the form (1.16), they
are eigenvectors of H as well.”’

1 1 1 1

_ |1 | I |
0= | ¢1= _] P2 = 1 $3=| _]
1 —J -1 J

Table 1.3 Eigenvectors of D; and H

“YHaving first called the transform of a function as spectrum, it might smack of ambiguity to use
the term for an operator H. It is not really so because we are in effect referring to its impulse response
h and its transform. Incidentally, there is an interesting historical coincidence about the origin of
the term “spectrum” that is worth mentioning here. Independently of physics, it was introduced in
mathematics for operators in general, as an extension of the notion of eigenvalues, to mean the set
of values of a scalar A such that (A — T') is not invertible, where I is the identity operator. It was
later recognized that its use in physics (and subsequently in engineering), when formally interpreted,
coincided with that in mathematics. See Steen [31]. Calling h the spectrum of H is justified from
this angle too.

0This simplistic approach of identifying the eigenvectors would admittedly be of little use for
bigger index sets. As already mentioned, group representation theory provides us a general system-
atic technique for doing this. We will discuss it in Chapter 5.
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You may also verify that they have the orthogonality property,

1 D=7
(1.35) 4<¢r¢j>—{é iz

For any signal x, we then have the expansion
13
(1.36) z = ng,

where z; are the coefficients of expansion given by the equality
(137) i = o

Let z denote the column vector of these coefficients, and W the 4 x 4 invertible
matrix with ¢} as its i—th row:”!

1111
IR

(1.38) w= |, ] ]
L g -1 —j

Then the relationships (1.36) and (1.37) between x; and Z; take the matrix
forms,

1
(1.39) T = ZW*:?:7
(1.40) =Wz,
and,
1
(1.41) w-l= ZW*'

The matrix W is indeed the map defined in (1.19) that takes a signal x into
its transform 2. Cyclic convolution of = and h becomes pointwise product of their
transforms # and h given by (1.40). Equivalently, the spectrum of the output of a
linear shift—invariant system on Z, is the spectrum of its input multiplied by the
spectrum of the system.

O

Exercise 1.6.2 For the index set of Excercise 1.6.1, determine the transform
matrix W.

SlObserve that it is the 4—point DFT matrix.
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The discussions and examples of this section should give a reasonable idea of
the way the notions of shifts, convolutions, transforms, and spectra are nowadays
being interpreted for signals and systems defined on finite index sets. As a first step
towards introducing these interpretations, we have focussed on index sets with the
structure of an abelian group. As we will see later, the interpretations are valid for
finite groups in general, not necessarily abelian. Techniques of modern harmonic
analysis and group representation theory provide the framework for this general
treatment.

On the whole, this chapter would have introduced you to the rich connections
that signal processing concepts have with algebra. Structures such as groups, rings,
integral domains, fields, vector spaces, and algebras have come for specific mention
in the course of our discussions. Modern signal processing relies heavily on the
theories of such structures. My idea of mentioning them at appropriate places in
this chapter has been essentially to indicate their relevance, and to motivate their
study. In case you are already familiar with them, you may like to dig deeper into
the history of modern algebraic concepts. A good source for that is Corry [8].
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Chapter 2

Algebraic Preliminaries

Ah! Abstractions!!
Those invisible shadows of reality!

In Chapter 1 we examined some of the very basic signal processing concepts
from a structural viewpoint, bringing out in the process their connections with the
language of algebra in general. This chapter is devoted to those algebraic concepts
that have a direct bearing on the study of symmetry. We use the standard set theo-
retic notation and conventions in discussing these concepts.

We begin by deliberating on the idea of a definition.

2.1 What’s in a Definition?

Just as there are oranges that are sweet and memories that are haunting, there are
circuits, resistors, capacitors, inductors, systems, functions, and operators, that are
linear, or have symmetries, and there are structures that are homomorphic.

Whatever it be to be linear or symmetric or homomorphic, one thing is clear:
it is a quality or property, the same way as being sweet is, or being haunting is. It
is a property that is shared by several different objects but not necessarily by all
possible objects. Indeed, if all objects had a particular property, there was no need
to make an issue of that property.'

It follows that we are interested in situations in which the property in question
is found in some objects but not in others. Given a set of objects, through this
property we then have a partitioning of the set into two disjoint subsets, one of
those objects that do have this property and the other of those that do not have it.
Such a partitioning is the central task of definitions in a scientific discourse.

The partitions resulting from a definition must of course be suitably named.
Usually, a name is first chosen for the objects with the stipulated property, and,

! Admittedly, there are subtle issues about what can properly qualify for being considered as a
property, and about paradoxes. But we shall leave out all that from the present discussions.
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with a prefix such as ‘non’ or ‘un’ added to it, it becomes the name of the rest. Thus
for systems, we have a partitioning into linear and nonlinear systems, stable and
unstable systems, causal and noncausal systems.

This is, however, not always the case. A typical example is that of passive and
active circuits, as in circuit theory. A circuit that fulfils a certain energy constraint
at its ports is said to be passive; one that does not satisfy this constraint is com-
monly called active, rather than nonpassive. This is partly for historical or aesthetic
reasons, and partly for being more suggestive of the motivation for introducing the
definition.?

There is yet another point about definitions that is worth bringing up here. In any
language, we work with a finite vocabulary; it may be very large, but it is still finite.
So if we form a chain of words to explain the meaning of a word (by consulting a
dictionary), it invariably loops back on a word already in the chain, thereby making
the explanation circular. In ordinary language, we break this circularity by assuming
at some point that the meaning beyond it is understood on the basis of intuition and
shared experience. In the domain of mathematics and its applications, where the
language used is that of set theory, such circularity is broken, or perhaps dodged,
by proceeding axiomatically.

Hopefully, these comments will whet your appetite for knowing more about the
nature of definitions and the inherent subtleties. You may, in that case, like to look
up Copi [6, Chapter 5, pp. 120-159].° In closing, I might just add this quote from
Halmos [12, p. 19]: “Nothing means something without a definition.”

2.2 Set Theoretic Notation

I assume that the reader is familiar with basic set theoretic concepts and the related
notation. There are, however, notational variations that are likely to cause confusion.
To avoid that, I lay down below the conventions that I will follow in the rest of the
book.

For sets in general, U and N denote union and intersection respectively, as is
universally done. We write X C Y to say that X is a subser of Y, or that Y contains
X; in detail, this means that if = is an element (or a member) of a set X (in symbols,

2One needs to be careful in such cases; even though differently named, the terms passive and
active are, as it were, complementary, and not independently defined. On the other hand, the mathe-
matical notions of closed and open sets, as understood in topology, do not have such complementar-
ity, even though we are apt to think of them to be so if we were to go by the day-to-day usage of the
adjectives; as Bushaw [5, p. 23] very crisply points out, “Unlike doors, sets in a topological space
may be both open and closed, or neither open nor closed.”

3Also see Greenspan [11, Appendix A, pp. 276-285] for a very short but lucid discussion.
Another book by the same author [10] is worth mentioning here; it contains radically new ideas
about discrete modeling of physical phenomena, which do not seem to have received so far the kind
of attention that they should in the area of signal processing. Written in the seventies, it may be hard
to lay hands on a copy, but it is worth a try.
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x € X) then z is also an element (member) of Y. We write X = Y to mean that
X CYandY C X. To say that a set X is a proper subset of Y,ie., X C Y
but X # Y, we write X C Y. For a finite set X, |X| denotes the number of its
elements. The set with no elements, the empty set, is denoted by ). A set is called
nonempty if it has at least one element.* For a set X, its power set, the set of all
subsets of X, is denoted by P(X).

For a given set X, we frequently need to define another one, Y, by stipulating
an additional condition on the elements of X. As is the common practice, we do
this by writing

Y = {x € X|a given condition holds for z}.

When a set is to be identified by listing its elements, we use curly brackets to
enclose the list. Thus, for a set with three elements, x, y, and z, we say that the set is
{z,y, z}; the order in which the elements are listed is irrelevant. When a set is large
(has more than three elements), instead of using different letters for the names of its
elements, we use the same letter appropriately subscripted, e.g., x1, z2, x5 instead
of x,y, z. The elements may still be too numerous to list individually, and in that
case we make use of an ellipsis. Thus, for a set X with n elements, x; to x,,, we
write X = {1, 29,...,2,}. Furthermore, if the set is infinite (countably so), we
stop at the ellipsis, as in X = {x1, 29, 23,...}.

Using numbers as subscripts in naming members of a set is an instance of what
is called indexing. In general, we say that a set X is indexed by a set [ if the members
of X are named by using members of I as subscripts; the set [ is called the index
set for X . All this is indicated by writing X = {x; }ic;-

We reserve special symbols for sets of numbers that come up very frequently.
Deviating a little from the standard practice, we write N* for the set of natural
numbers, and N for the set of nonnegative integers: Nt = {1,2,3...}, and N =
{0,1,2,...}. The sets of integers is denoted by Z, the set of rational numbers by Q,
the set of reals by R, and the set of complex numbers by C. Moreover, R* stands
for the set of nonnegative real numbers.

For an ordered pair of elements = and y of two (not necessarily different) sets,

we write (z, y). Likewise, for ordered n—tuples of elements 1, xs, . . . , T, We write

(1,2, ...,x,). For an infinite sequence, we write (x¢, 1,22, ...), or in short,
5

(-ri)iEN'

“4The empty set notion is highly counter—intuitive, and like that of zero, takes getting used to. As
it happens, again like the role zero has in arithmetic, it has a crucial technical role in set theory. For
now, we brush the related issues under the carpet. See Halmos [14, pp. 8-9] for a brief but engaging
discussion. I might just add here that for an empty set, virtually any thing is true. Indeed, as Halmos
argues, an assertion could be false for an element if there is an element to test for. But for an empty
set? Well! That is why it is generally stipulated in definitions and results about sets that they are
nonempty. For our purposes, this will be understood from the context, even if not explicitly stated.

SThis overrides the notation of Chapter 1, where I have used angle brackets to indicate a se-
quence; parentheses were used there for several different purposes, and using them for sequences as
well would have led to confusion.
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Given (nonempty) sets X and Y, X x Y, the cartesian product of the two sets,
is the set:
X xY ={(z,y)|]r € Xandy € Y}.

We talk of cartesian products of more than two sets in a similar fashion. For a
cartesian product of the same set, say X, taken n times, we use the abbreviation
X™
Xt=Xx---xX.
ntimes

Thus, we write R? for R x R, and R? for R x R x R.

By arelation, unless otherwise mentioned, we mean a binary relation. Formally,
a relation R from aset X toasetY isasubsetof X xY: R C X x Y. Asis
customary, most of the time we take the shortcut of writing this as xRy to mean
that (z,y) € R. A relation on X is a relation from X to X itself. Occasionally, we
also need to bring in ternary and n—ary relations, the notation for which is on the
same lines. In particular, an n—ary relation .S on a set X is a subset of X™: S C X™.

In the engineering literature, the notation adopted for functions is so frequently
ambiguous, not making a clear distinction between a function and its values. (It is
a well established practice, for instance, to write f(¢) to denote a signal that is a
function of continuous—time, or write f(n) if it is a function of discrete—time.) This
causes difficulties in talking about sets of signals and systems in an algebraic set-
ting. We therefore do not fall in line, and follow, instead, the regular mathematical
convention. Recall that a function f from a set X to aset Y is arelation, f C X XY,
such that for each © € X there is precisely one y € Y for which (z,y) € f; we
say that the value of f at x is y, or that y is the image of x under f. This is what is
commonly expressed by saying that y = f(x). As is the common practice, we too
will frequently refer to a function as a map or a mapping.

We use the standard shorthand f : X — Y to mean that f is a function from
X toY; X is called the domain of f, and Y its codomain. It is often convenient to
visualize a function as a processor, receiving a member of its domain as input, and
producing a member of its codomain as output. The set { f(x) | € X}, which is
a subset of the codomain of f, is referred to as the range of f. If the function f is
such that, for all a,b € X, f(a) = f(b) implies that a = b, we say that f is one—
to—one. If for every y € Y, there is an « € X such that f(z) = y, we say that f is
an onto function.® Very frequently, it is convenient to treat sequences as functions.
Thus, the sequence (xg, 1, Zo, . . .) of real numbers is a function z : N — R, with
z(i) = z; fori € N.

By an operation we usually mean a binary operation, and we adopt the standard
infix notation for it. Thus, an operation o on a set X is a function from X x X to

The terms ‘one-to-one’ and ‘onto’ are often frowned upon on grammatical grounds, and justly
so, as pointed out for instance in Bloch [4, pp. 162—163]. But the alternative terms ‘injective’ and
‘surjective’, even though perhaps more fitting for the purpose, do not convey, at least to me, the
ideas as vividly. Hence, with due deference to grammar, I avoid the hybrids, apparently introduced
by Bourbaki.
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X, and its value at (z,y) € X x X is written x o y; we commonly visualize the
operation as acting on an ordered pair of elements of X to produce a unique third
element of X itself. An n—ary operation on a set X is to be understood to be a
function from X" to X; the number n is referred to as the ‘arity’ of the operation.

An operation on a finite set is often specified by giving what is called its Cayley
table (or multiplication table), which is analogous to the addition or multiplication
tables of arithmetic. For an operation o on a finite set X, | X | = n, the table consists
of n rows and n columns, both indexed by the elements of X in the same order,
with the element z o y as its entry in the row corresponding to the element = and
the column corresponding to the element y. For an operation on a set {a, b, ¢} of
three elements, the table given below is a sample. The table says for instance that
b o ¢ = a. Note that any arbitrary set of table entries from amongst the set elements
will serve to define an operation on the set.

o oo
o QS
[SEESERS | R
Q2 oo

With this much on notation, we now turn to a selection of very basic structural
concepts that we will need to rely on later.

2.3 Relations and Operations

We all know from our school days what relations and operations are in a concrete
sort of way. In arithmetic we freely make use of the relations of equality (=) and or-
der (<), and likewise, the operations of addition and multiplication. As we progress
in our studies, we learn to use them in more general settings such as those of sets,
matrices, and functions. The final stage in this progression is reached when we con-
ceptualize them abstractly in terms of set theoretic properties. It is appropriate at
this point to review some of these properties, and the relations and operations they
characterize.

2.3.1 Equivalence Relations and Partitions

Consider, to begin with, those properties that characterize the notion of equivalence.
Intuitively speaking, two objects are considered to be equivalent if they can serve for
each other equally well in some sense. There are two alternative ways to formally
capture the basic idea, one through the concept of equivalence relations, and another
through the notion of set partitions.

A relation R on a set X is said to be an equivalence relation if it simultaneously
fulfills the following three conditions for all z,y, z € X.
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1. Reflexivity: For any x € X, xRz
2. Symmetry: If xRy then y Rx

3. Transitivity: If x Ry and y Rz, then xRz

One may get the impression that there is redundancy here. Surely, if xRy then
yRx by symmetry, and then, by transitivity (with z = z), z Rx. Thus symmetry and
transitivity imply reflexivity. Not quite. Observe that, while the reflexivity condition
is for all elements, the symmetry and transitivity conditions start with an ‘if’. For
a particular = there may not be any y such that xRy, and in that case the argument
falls through. Perhaps, an example will help visualize this situation. Consider the
relation R = {(a,b), (b,a), (a,a), (b,b)} on the set X = {a,b, c}. You may check
that R is symmetric and transitive. But it is not reflexive, since (c, ¢) is not in it. It
is worth noting, on the whole, that an arbitrary relation may satisfy one or two of
the three conditions but not the rest.

For an equivalence relation R on X, and for any © € X, the set {y € X|xRy}
is called the equivalence class of x with respect to R, denoted commonly by [z]; if
xRy, we say that x and y are equivalent.

A very important aspect of an equivalence relation is that it is essentially
synonymous with the idea of partitioning a set into a union of disjoint subsets.

A partition of a (nonempty) set X consists of a collection of its nonempty
subsets { X1, Xo, ..., X,.}, called cells or blocks of the partition, such that

X;iNX;=0 for i#j,and X;UXoU---UX,=X.

Let P be such a partition of a set X, and let ~ be the relation on X defined by
the condition that, for z,y € X, © ~ y if and only if  and y are in the same cell of
P. You can check that the relation ~ is an equivalence relation, i.e., it is reflexive,
symmetric, and transitive. We say that the partition P of X induces the equivalence
relation ~ on X.

Conversely, an equivalence relation R on a set X induces a partition of X,
and the equivalence classes with respect to R are the cells of this partition.” This
correspondence between equivalence relations and partitions is put to frequent use
in algebra and its applications.

2.3.2 Operations

Turning now to operations, notice first of all that the output of an operation belongs
to the same set to which the input elements belong. As is commonly done, we refer
to this property of an operation as closure, and we say that the set is closed under
the operation.

This calls for a proof, which I leave the reader to figure out.



2.3 Relations and Operations 49

The closure property is part of the definition of an operation; it is common to
all operations. There is no need therefore to mention it separately. Yet, in many
circumstances, we can not help bringing it up explicitly. Consider for instance an
operation o on a set X, and let S be a subset of X. When can we say that it is also
an operation on S? Well, if we check and find that S is closed under the mapping o,
then this mapping defines an operation on S as well, called the induced operation
on S. Strictly speaking, we should use a different symbol for the induced operation.
But, to keep the notation simple, we commonly use the same symbol for it.

We are concerned most of the time with operations that have some special prop-
erties. To be more specific, for an operation o on a set X, these properties are the
following.

1. Associativity: For all x,y,z € X, (x oy) o 2 = x o (y o z); if this condition
holds then we say that the operation o is associative, or that it satisfies the
associative law.

2. Existence of an Identity: The operation o satisfies the identity law, i.e., there
exists and element e € X suchthateox = z = zoeforall z € X.
The element e is called an identity element (or simply, an identity) for the
operation o.

3. Existence of Inverses: Let e be an identity element for o. For any z € X,
if there exists an element y € X, called an inverse of x, such that x o y =
e = y o x, then we say that the operation o satisfies the law of inverses. If an
element z has a unique inverse, it is commonly denoted by z~L.

4. Commutativity: For any x,y € X, if x oy = y o z then the operation o
is called commutative. Alternatively, we say that the operation satisfies the
commutative law.

Two points related to the associative law are worth mentioning here. The first is
about the use of parentheses in general, and the second is about the use of the law
for more than three elements.

All of us are so familiar with the use of parentheses that nothing about the way
we use them seems to require a proof for its correctness. Yet, there are matters that
do. Can we really be sure that for a given string of properly paired parentheses in
an expression, there can not be an alternative proper pairing? Next, are we entitled,
on the strength of the associative law, to drop the parentheses altogether for any
finite number of elements? The answer to both questions is: Yes. For more on these
questions, in case you have not thought about them so far, see Appendix A.

From operations and relations, we now move on to structures centred around
them. An algebraic structure, you will recall, consists, in general, of a set together
with a finite set of operations (not necessarily binary, but of different arities). In
the study of symmetry and its implications, there are two structures that play a
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central role. One is that of a group, and the other is that of a vector space (linear
algebra). It is to these two that the next two sections are devoted. We present only
the bare essentials, mainly to indicate what kinds of notions and results we shall
later draw upon. For a more detailed treatment, the reader will need to refer to
standard introductory literature on abstract and linear algebra.

2.4 Groups

In abstract axiomatic terms, a group is an algebraic structure (G, o), where G is a
set, and o is an operation on (G, which satisfies the associative law, the identity law,
and the inverse law (the group axioms). We shall assume throughout that the set
G is nonempty, and we shall use the same symbol to denote the set as well as the
group. The number of elements in G is the order of the group G, denoted by |G/|.
A group is finite if its order is finite; otherwise it is an infinite group. A group that
also satisfies the commutative law is an abelian (or commutative) group.

Let us look at some of the elementary but important consequences of the group
axioms. To start with, note that for a group (G, o), its identity element is unique.
For, suppose that there are two elements e, f € G suchthateox = x = zoe,
and also fox = o = z o f, for every x € G. Then, e being an identity, we have
eo f = f. Similarly, since f is an identity, e o f = e. Combining the last two
equalities, we see that e = f.

A similar result holds for inverses: Every element of a group G has a unique
inverse. Let us say that an element a of a group G has two inverses, « and v, i.e.,
aoxr=zxo0a=-ecandaoy =yoa= e, where e is the unique identity of G. Then,
combining the two sets of equalities and using associativity, we see that x = y:

r = XToe
ro(aoy)
(roa)oy
ey

=Y

Next, there are the cancellation laws for a group: Let (G, o) be a group. Then
forany x,y,z € G, iftoy = xoztheny = z. Likewise, if toy = zoy then t = 2.
It follows that each element of a (finite) group appears precisely once in each row
and each column of the Cayley table of the group.

In discussing groups, it is frequently convenient to omit the operation symbol,
writing x oy simply as xy, and calling zy the “product” of x and y. As an additional
shorthand, for any group element x, one makes use of the exponential notation
as follows: with 2° = e (the identity element), 2™ is recursively defined as 2" =
2" 1z, for any positive integer n > 1; furthermore, ™" stands for (x’l)", where
2~ ! is the inverse of .
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2.4.1 Groups Within Groups

For a set with no additional structure specified, all its subsets have the same stand-
ing, so to say. But for a set with additional structure, there are subsets that are
special, the ones that inherit the additional structure. In the case of a group, these
special subsets are its subgroups.

More precisely, let (G, o) be a group, and let S be a subset of G such that
S is closed under o. If (S, 0) is a group then we say that S is a subgroup of G.
Checking for S to be a group is, of course, a shade easier than having to check for
all the three group axioms separately. Assuming that S is closed under the operation,
associativity for G' implies associativity for S as well. Furthermore, if € .S implies
z71 € S, then, by closure, 0 z7! = eis alsoin S, i.e., the inverse law implies the
identity law in this case.

Going strictly by the definition, every group is a subgroup of itself. Moreover,
the set consisting of the identity element of a group is also a subgroup. A group
has, in general, many other more interesting subgroups, and there is a wide variety
of interesting and powerful results that relate groups to their subgroups. To get the
flavour, let us look at one particular result, which shows that the orders of finite
groups and their subgroups are very tightly related.

Let H be a subgroup of a finite group G, with e denoting its identity element.
We want to see if the order of H, is related in some way to the order of G. For this
purpose, for every a € G, introduce the function f, : H — G, f,(x) = ax, with
range T, = {ax|xr € H}.5

Focussing on 7, as a subset of (G, we shall presently see that all such subsets
together form a partition of GG. Note that T is one of these subsets, and it consists
precisely of the elements of H. Moreover, for any a € G, f,(e) = a,i.e.,a € T,.
In other words, every element of G is contained in at least one of these subsets.

Next, for a € G, let us check on the number of elements in 7, the range of f,.
Suppose that f,(z) = f.(y) for x,y € H, i.e., ar = ay. Since a,z,y are all in G,
we have x = a~lay = y. That is, the function f, is one—to—one, i.e., its domain and
range have the same number of elements: |T,| = |H|.

Now, what about common elements? Well, suppose that, for a, b € G and a # b,
T, and T}, have a common element. That is, there are x,y € H such that f,(z) =
fo(y), or ax = by. In that case, a = b(yz~1). Since both x,y € H, w = yz~! € H.
So a = bw for some w € H, ie., fy(w) = a and a € T,. Next, since a € T,
fa(v) = av = bwv = b(wv), forv € H. That is, for any v € H, f,(v) € T}. Thus,
T, C T,. Likewise, by symmetry, T, C T,. Thus T, = T}. In other words, if any
two subsets T, and Ty, have a common element, then they are identical.

In summary then, the sets T,, for a € G, form the cells of a partitioning of G;
the number of elements in every cell is the same, and is equal to the order of H. This

8We are here using the product notation for groups. The subsets 7}, are known as right cosets
of H. The notion of a coset is an important one in many ways, but we have avoided using the term
here, because we do not put it to use in later discussions.
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means that |G| = m|H|, where m is the number of cells in the partition. As all this
is true for any subgroup of a finite group, it follows that for a finite group, the order
of a subgroup divides the order of the group. This is the celebrated Langrange’s
Theorem.

There is yet another way of partitioning a finite group that is going to be im-
portant for us later. This rests on the idea of conjugate elements. An element y of a
group G is said to be a conjugate of another element x of G if there is an element &
in G such that y = h~'azh. Itis easily verified that “conjugate of” is an equivalence
relation on G. It follows that this equivalence relation induces a partitioning of G,
in which the cells are the equivalence classes of conjugate elements. In the con-
text of groups, these equivalence classes are commonly called conjugacy classes,
or simply classes of a group.

Remark 1 Recall at this point the idea of similarity transformation of matrices.
Given two (square) matrices, A and B of the same size, B is said to be similar to
A if there is an invertible matrix P such that B = P~'AP. Clearly, the relation
‘similar to’ is an equivalence relation, its equivalence classes consisting of similar
matrices. Matrices that are similar in this sense have the same eigenvalues, and have
the same traces. Thus, if our interest is in the eigenvalues, or traces of matrices, any
one member of an equivalences class will serve the purpose. Classes of groups have
an analogous role.

[ )

2.4.2 Group Morphisms

Equivalence relations have to do with the ‘sameness’ of members of a set in general.
There is a corresponding idea of sameness for structures, such as groups, which is
formally captured in terms of homomorphisms and isomorphisms, together referred
to as morphisms.

For two groups, (G,0) and (H, ), let f : G — H be a map such that, for any
x,y € G, f(xoy) = f(x) * f(y). Then the map f is called a homomorphism. If
f is, in addition, a one—to—one and onto map, then it is called an isomorphism, and
the groups G and H are called isomorphic. Finally, if f is an isomorphism from GG
to G itself, it is called an automorphism of G.

The following simple but significant result about morphisms is an immediate
consequence of the definition: For groups G and H, let f : G — H be a homomor-
phism, and let e and ey be the identity elements of the groups respectively. Then
fleg) =em, and f(x™') = (f(z)) ' forallx € G.

It is worth mentioning here that the concept of a morphism extends in a natu-
ral way to algebraic and relational structures in general. As already pointed out in
Chapter 1, an intuitive way of perceiving a morphism is to think of it as a map that
preserves structure. At a later point, while discussing symmetry, we shall have an
occasion to put it to use for relational structures.
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2.4.3 Groups and Geometry

We have so far discussed the notion of a group in the abstract. It is appropriate at
this point to reflect on how it connects, in a rather concrete manner, with geometry.

Recall that in Euclid’s geometry, there are no coordinates. There are geomet-
rical objects, such as points, lines, circles, triangles and so on, and there are rigid
motions (actions) applied to these objects. One can, no doubt, introduce cartesian
coordinates, and describe these objects, and actions on them, with reference to a
coordinate system in a space of points.

But while this may be convenient for computations, it is far more convenient
and natural in many ways to visualize objects, and actions on them, purely by them-
selves, and not in terms of their locations with respect to some coordinate system.
When you look at a chair, for instance, all that initially matters is the mutual rela-
tionships of the points that constitute the chair, not how the points are individually
situated in a cartesian coordinate system. Moreover, when you move the chair, what
you observe is that the set of points that make up the chair have preserved their
mutual relationships; it is still the same chair. More specifically, transformations
(rigid motions, like translations) have taken place under which every point has been
moved to replace precisely one other point, and the distance between any two points
has remained invariant.

To look at the basic idea algebraically, let us confine ourselves to geometry in
the plane. Let P denote the set of all points of the plane, and for any =,y € P, let
d(z,y) denote the distance between = and y, in the sense commonly understood.
The intuitive idea of a rigid motion of the plane corresponds to an onto function f :
P — P such that d(f(z), f(y)) = d(z,y). Commonly referred to as an isometry,
such a function is also one-to-one, as can be easily checked.” Significantly, the set
of all isometries of P constitute a group under composition.

This connection of geometrical properties (such as distances and angles) with
groups of transformations was what led Felix Klein to enunciate, in his classic work,
known as Erlangen Programme, a very profound and general rendering of the idea
of geometry. Very roughly, it can be summed up by saying that geometry is the study
of those properties of a space that remain invariant under a group of transforma-
tions on that space.'’

Klein’s ideas have had a profound influence on the evolution of geometry and
algebra, and of mathematics in general. Their implications in the study of symmetry
is what is of concern to us here. For the reader interested in knowing more about
these ideas and their broad ramifications, there are several very engaging books to
turn to. See, for instance, Mumford [22], Ash [2], Beardon [3], and Solomon [24].
To go with the original paper of Klein’s, there is, of course, Klein’s three volume
treatise [19].

Recall that d(z, y) = d(y, z), and also that d(x, y) = 0 if and only if x = y. Thus, if f(z) =
f(y) then, since d(f(z), f(y)) = d(z,y) = 0, it follows that = = y. In other words, f is one-to-one.

0K ]ein’s original notes for a lecture, written in 1872, were in German. For an English translation,
see [18].
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2.5 Vector Spaces

The theory of vector spaces has long occupied a central place in the study of signals
and systems. It is reasonable to assume therefore that the reader is already familiar
with the basic concepts of the theory. There is extensive introductory literature on
the subject, and I take the liberty of using the basic terms, such as those of bases,
subspaces, dimension, linear transformations, and so on, without explicitly laying
down their definitions here. Considering that the related terminology and notation
is highly standardized, this should not cause any difficulty.

Our concern here is with finite-dimensional vector spaces over the field of real
or complex numbers (R or C). There are essentially two main ideas about them that
we shall make use of in our treatment of symmetry. One of them has to with matrices
of vectors and linear transformations. The other one is related to decomposition of
vector spaces into subspaces.

2.5.1 Matrices of Vectors and Linear Transformations

With respect to a particular ordered basis for a vector space V' of dimension n, a vec-
tor as well as a linear transformation has a unique matrix representation. For vectors,
this follows from the fact that, for a particular basis, say, v = (11, vs,...,v,) for
V, any vector x is expressible as a unique linear combination of the basis vectors:

2.1 T = a1 + asy + -+ ayty,,

where ai, as, ..., a,, the coordinates of x with respect to the basis v, are scalars
from the field I of the vector space.

The matrix of = with respect to the basis v, which we shall write as [z],, is the
n X 1 column matrix formed by the coordinates of z with respect to v:

Most of the time, the basis in use is clear from the context, or it is understood
to be same throughout a part of a discussion. At such places, we shall omit the
subscript and simply write [x] for the matrix of z.

Between vectors in V' and their matrices (with respect a particular basis), there
is one-to-one correspondence. Moreover, for z,y € V and A € F,

[z +y] = [2] + [y], [Az] = Ala].

In short, the vector space V' is isomorphic to the vector space of n X 1 matrices
over the field FF.



2.5 Vector Spaces 55

Now, using the expansion (2.1), we see that the action of a linear transformation
H :V — V on a vector z is also expressible in matrix form. Observe that, with
respect to the basis v,

(2.2) [Hx] = a1[Huvy| + ao[Hs] + - - - + an[Huy ],

The matrix of the linear transformation H, which we write as [H], isthe n X n
matrix with [Hy;] as its columns:

23) (H) o= [ (] [Hs] - () ]
We may then recast (2.2) as the matrix equality,

2.4 [Hz| = [H][x]

where it is understood that the same basis v is in use throughout.

Exercise 2.5.1 If G and H are two linear transformations on 'V, then the matrix
of their composition is the product of their individual matrices: [GH| = [G|[H].
Likewise, |G + H| = |G| + [H], and [NH| = MH]. Thus, for a fixed basis, the
algebra of linear transformations turns into algebra of their matrices.

Although all basis sets serve essentially the same purpose—that of providing
alternative coordinate systems, different ones may be preferred in different situa-
tions. This is something like what you do when you describe the location of a place
to some one. You may direct him for instance to start from a point known to both
of you, move 4 m to the east, and then from there move 53 m to the north. To reach
the same final point, you may instead ask him to choose the same starting point,
but to go 35 m from there at 30° north of east, take a left turn at right angles and
then proceed for 40 m. Either way, you have used a particular coordinate system,
the east-west-north-south (EWNS) system with your chosen spot as the origin, for
reference. In the first case you give your directions in this coordinate system itself,
and in the second you describe with respect to it a new coordinate system, and give
directions for movement in the new system. Note that there is nothing sacrosanct
about the EWNS coordinates; you could have chosen any other coordinate system
in its place. But you prefer to use this rather than any other, at least to start with,
because every one knows how to go about using this.

For bases in an n-dimensional vector space V', we have a similar situation. In
this case too, there is in general no preferred basis, and we keep changing from one
to another, depending upon what is convenient in a particular work.

It is important to remember at this point that matrices of vectors and linear
transformations are tied to a particular basis; if we change the basis, the matri-
ces also change. To see what form these changes take, consider on V' a new basis
© = (¢1,92,- ., %n), in addition to the old one v = (v, vy, ..., 1,). Using (2.1),
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the expansion of vector z in terms of the old basis, the matrix of  with respect to
the new basis is then expressible as

(2.5) []p = ar[t]p + -+ - + anlvaly

and, considering that the a; are the coordinates of x with respect to the old basis,
we have

(2.6) [2]o = [M]ug[al, ,

where M,,,, denotes the so called change of basis matrix from the basis v to basis ¢,
whose columns are the matrices of the old basis vectors v; with respect to the new
basis ¢:

ex) My o= [ Iy oo o [l

Note that the matrix [M],, is invertible. For, by interchanging the roles of the
two bases, instead of (2.6), we get

(2.8) 2], = [M]gy 2],

where [M],,, is the change of basis matrix from ¢ to v:

2.9) Mlw i= [ ferd Lol - [l

Combining (2.6) and (2.8), we conclude that the two change of basis matrices
are inverses of each other, and indeed they are invertible.

Equations (2.6) and (2.8) tell us how matrices of vectors change with change of
basis. Let us now see how matrices of transformations change with change of basis.
Abbreviating [M],, as [M], and using Eq. (2.8) together with Eq. (2.4), we arrive
at the relationship

(2.10) [H],[z], = [M]7'[H],[M][z],
for every z. Thus,
(2.11) [H], = [M]"'[H],[M]

Put in words, Eq. (2.11) means that the new matrix of transformation is ob-
tained from the old one through a similarity transformation under the matrix [M].
Recall that for matrices A, B of the same size, if there is a matrix P such that
B = P~ A P, then we say B is similar to A, and that B is obtained from A through
a similarity transformation under P. Note that if B is similar to A then A is similar
to B, A is similar to A, and if A is similar to B and B is similar to C' then A is
similar to C'. Thus, for matrices of the same size, similarity transformations define
an equivalence relation “similar to” that partitions them into equivalence classes.

Remark 2 We have used square brackets to distinguish vectors and transforma-
tions from their matrices. Most of the time, we shall drop the brackets and rely on
the context to clarify what we have in mind. Likewise, we shall omit the subscripts
for indicating the bases in use, unless there is a chance for confusion. '
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2.5.2 Direct Sums of Subspaces

The notions of complements and direct sums of subspaces often present some dif-
ficulty of visualization to students. One way to overcome this difficulty is to start
with the notions of complements of sets and their (disjoint) partitioning, and then
to show how they lead to analogous notions for vector spaces.

Recall that for a set .S, there is its power set P(S), the set of all its subsets;
the null set, ), is included as one of its members, and so is S itself. On P(S), we
have the binary operations of union and intersection (U and N respectively). Given
a subset X of a set S, its complement is another subset X’ of S such that X and X'
are disjoint, i.e., X N X' = 0, and X U X' = S. If Xy, Xy, -+, X,, are pairwise
disjoint subsets of a set S, i.e., X; N X; = @ fori # j,andif X; UX,---UX,, =8
then X7, Xo, - - -, X,, constitute a disjoint partitioning of S.

For a vector space W, consider two subspaces U and V. Can the two ever be
disjoint in the sense of sets? No, because the element 0 is present in both of them.
But if that is the only common element, ie, U NV = {0}, then we do have a
condition here that serves essentially the same purpose as disjointness of sets, and
so we say that subspaces U and V' are disjoint when such is the case.

Consider now the set theoretic intersection and union of the two subspaces.
Their intersection U NV is also a subspace. Indeed, if  and y are both in U NV
then  + y and ax are also U as well as in V, making U N V' a subspace.

Their union is, however, not a subspace in general.'! For, suppose that, as sets,
neither of the subspaces contains the other one. That is, there are elements = and y
of Wsuchthatz € Ubutx ¢ V,andy € V but y ¢ U. (Consider the geometrical
case of two planes through the origin in 3-D Euclidean space.) Both x and y are in
U UV, but what about the element z + y? Suppose this too is in the union, i.e.,
it is either in U or V, or in both. If it is in U then so is y = (x + y) — z. But
this contradicts the hypothesis, and so it is not in U, and from symmetry of the
argument, it is not in V either. Thus = + y is not in the union, and therefore the
union is not a subspace.

But then, can we find a binary operation for subspaces that serves virtually
the same purpose that union does for sets? Let us try out their sum defined as
U+V ={x +y|lr € Uandy € V}.!? You may verify that U +V is also a subspace
of W. For the set of all subspaces, this operation is indeed a natural analogue of set
theoretic union.

"'"The qualifier ‘in general’ points to the fact that there are situations in which it is. Indeed, if one
of them is contained in the other, say, U C V/, then certainly U UV (= V) is a subspace. In fact, the
union is a subspace only in such a situation. To see this, let us say that U U V is a subspace. Then
pickany x € U and y € V. Since bothx andy arein U UV, x + y is also in U U V, by hypothesis.
Thatis, z +yisin U, orin V,orinboth. If z +y € U, then (x+y) —x = yisin U forany y € V.
Therefore, V' C U. Likewise, if x +y € V, then U C V. Finally, if both hold then U = V.

2The ‘+ sign is used twice here; on the left it denotes the newly defined binary operation on
subspaces, and on the right it denotes an operation on vectors. What it actually denotes in a particular
situation is decided by the context.
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If the subspaces are disjoint, i.e., U NV = {0}, then the sum W = U + V is
called a direct sum of U and V, written as U & V. Putting it the other way round,
U @V is a direct sum decomposition of W.

Clearly, since vector addition is commutative and associative, the binary
operations of sum and direct sum of subspaces are also commutative and asso-
ciative. Moreover, their associativity implies that their repeated application to any
finite number of subspaces yields unique final sums, independent of the sequence in
which the summands are associated in pairs. So for any finite number of subspaces,
say Uy, Us, ..., U,, we leave out the associating brackets and write the sums simply
asUi+Us+---+U,and U, U, @ - - - ® U, (as we do for finite unions of subsets,
and in fact for any associative binary operation in general).

As in the case of sets, if a vector space W has subspaces U and V such that
W = U & V then we say that V' is a complement of U (or the other way round).

Observe that while a subset’s complement is unique, the complement of a sub-
space is not. As a pictorial illustration of this, consider the case of the plane, with
the usual 2- and y-axes centred on a specified origin, as a model of R?. Then the
x-axis represents a subspace, say X, of R?, Likewise, the y-axis represents another
subspace, say Y, of R2. Clearly, X NY = {0},and X + Y = R?, so that we have
X @Y = R% Consider now the points on a straight line through the origin at some
arbitrary (nonzero) angle to the z-axis. These points too represent a subspace of R?,
say W, such that X + W = R%and X N W = {0}, 1i.e., X ® W = R?. Thus, W is
another complement of X, which is different from Y."3

Now, suppose that a vector space W has a decomposition W = U + V. Then
any vector © € W is, by definition, expressible as a sum: z = u + v, where u € U
and v € V. What can we say about the uniqueness of such a vector decomposition?
Well, we can say the following.

Theorem 2.5.1 Let two subspaces U and V' of a vector space W be such that W =
U+ V. IfUNV = {0}, sothat W = U @V, then any vector x € W has a unique
decomposition t = u+vwithu € U and v € V. Conversely, if every vector x € W
has a unique decomposition x = v+ v withu € Uandv € V, then U NV = {0}.

PROOF: Suppose that the subspaces are disjoint, i.e., UNV = {0}. Further suppose
that we also have v = v/ + v’ withv' € U and v € V.Inthatcase,)0 =z — x =
(u+v)— (v +v)=(u—u)+ (v—2'). Thatis,u —u' =o' —v.Butu —u € U
andv' —v € V,ie., (u—1u'), (v —v) € UNV. Therefore, since U NV = {0} by
hypothesis, we have . — «' = v — v’ = 0. In other words, if the subspaces U and V'
are disjoint then the decomposition z = u + v is unique.

13My arguments here are essentially the same as those of Mansfield [21, Chapter 2, Section 6].
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Next, suppose there is a nonzero vector z that is in U as well as in V. Then,
withe' =u —zand v = v+ 2,z = v + v/, where v/ € U and v’ € V and, since
z # 0, we have another decomposition for z. Thus if the subspaces U and V' are not
disjoint then the decomposition z = u + v is not unique.

The two sets of arguments together complete the proof. O

Associated with the notion of direct sum decompositions, there is the important
notion of projections, or projection operators. ( For a physical analogy, consider the
space of all audio signals. An audio signal, = can be thought of as a sum of two
parts, one consisting of its low frequency components, say up to 1 kHz, and the
other consisting of its high frequency components, those above 1 kHz. Call these
parts x;, and zy respectively. Then, with x as input to an ideal low—pass filter with
cut-off at 1 kHz, z, is its output. Likewise, if we put x through a high—pass filter,
we get x . A projection is like these filters.)

For any vector space W, consider a decomposition W = U & V. Since every
vector © € W is uniquely expressible as z = v + v, withu € U andv € V,
this decomposition of W determines a transformation 7 : W — W defined by
Hz = u." There is just one and only one such transformation. We say that H is a
projection, or, if we want to spell out the details, the projection of W on U along V.
Likewise, the decomposition U @ V also determines, as a companion to H, another
transformation G : W — W defined by Gx = v; it is the projection of W on V'
along U.

Note that U and V' are respectively the range and null space of H. Indeed, for
any x € W, Hz is in U by definition. For any u € U, there is ¢ = u + 0 such that
Hzx = u. Thus U is the range of H. Now, if x € V then Hx = H(0 + x) = 0, and
if Hr =0thenz =0+ vforsomev € V,andsox =0+v =v € V. Thus V is
the null space of H.

It is easily checked that a projection is a linear transformation. Continuing with
the projection H, suppose 1 = uy + v; and x9 = ug + vg, with the uy,us € U
and vy, vy € V. Then 21 + 29 = (ug + u2) + (v + v2), where (u; + uz) € U and
(v1 4+ v9) € V. Consequently, H (z1 + x9) = u; + up = Hxy + Hxy. Likewise for
scaling. Thus H is linear, and so is the projection G on V' along U. Incidentally, if
I denotes the identity operator on W (Ix = x forany x € W), then H + G = I,
ie,foranyz € W, (G+ H)x = 2.

There is another important point about a projection H . For any vector z = u-+v,
with v in U, v in V, it follows that H?x = HHz = Hu = H(u + 0) = u = Huz,
i.e.,, H> = H.'% (Passing a signal through an ideal filter twice is only as good as
passing it once.)

4Many texts treat it as a transformation H : W — U. While it is quite in order to proceed this
way, this will not allow us to talk in the usual manner of the sum H + G, where H and G are two
such transformations, taking W to different subspaces.

SRecall that for two linear transformations H and G on W, their sum H + G is defined by
(H+G)x=Hz+ Gzforz e W.

19In words, we say that H is idempotent.
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Conversely, if H is a linear transformation on W, and if H 2= H, then H is a
projection of W. To see this, let V' be the null space of H, and U its range. For a
vector u € U, there is z € W such that w = Hz, and so Hu = H?x = Hx = u.
On the other hand, if Hu = w then v € U. Thus a vector u is in the range of H
if and only if Hu = w. Now, if v is also in V/, i.e., Hu = 0, then u = 0. In other
words, U NV = {0}. Finally, for an arbitrary vector z € W, Hz is in U, and, since
H(z — Hz) = Hx — H?x = 0, (x — Hz) is in V. We thus get a decomposition
r=Hz+ (x — Hz) with Hz in U and (x — Hz) in V. Coupled with the fact that
U and V are disjoint, this means that W = U @& V/, and that H is the projection on
U along V. To sum up, we have the following result.

Theorem 2.5.2 For a transformation H on a vector space W, the following two
statements are equivalent.

1. H is a projection of W on U along V.

2. H is a linear transformation with U and V as its range and null space
respectively, and H is idempotent, i.e., H> = H."

In the light of this result, one is justified in defining a projection not as we have
chosen to do here, but as a linear idempotent transformation instead.'®

For direct sum decompositions into more than two subspaces, there is a natural
extension of the notion of projection operators. You may consult a text such as
Hoffman and Kunze [15] or Roman [23] for details.

With this much on vector spaces, we now turn to a class of structures that have
two faces, one relational and another algebraic. Partially ordered sets, lattices and
Boolean algebras are what I have in mind. In the rest of this chapter, I give a very
brief outline of the basic ideas related to them. You have, I am sure, already met
these structures in one context or another, but perhaps as isolated entities. Boolean
algebra, for instance, you may associate exclusively with logic circuits and their
design, or perhaps with probability theory. Similarly, you may be familiar with
Venn diagrams and their use in a pictorial visualization of the algebra of power
sets (under containment, union, and intersection). My purpose here is to highlight
the underlying unity.

17Note that linearity has been stipulated separately in this statement. Idempotence does not imply
linearity. Consider for instance £ : V' — V, E(z) = aforany z € V andafixeda € V. E is
idempotent but not linear.

8Many texts in fact do that. See, for example, Hoffman and Kunze [15, p. 211]. Dunford and
Schwartz also adopt this definition in their treatise [8, p. 37]. We have followed the line adopted in
Halmos [13, pp. 73-74].
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2.6 Posets, Lattices, and Boolean Algebras

Like sameness or equality, the notion of order is a very basic one in our daily activ-

9 <

ities of comparing objects. Assessments such as “longer than”, “heavier than”, “at
least as heavy as”, “contained in”, are all instances of ascribing to objects some kind
of an ordering relation. In arithmetic, we have for numbers the property of being
“less than” or “less than or equal to”. In the theory of sets, we talk of one set being
a subset of another. For purposes of mathematical formalization, the relation that
has acquired a place of central importance in this context is that of a partial order.

For a precise definition of a partial order, it is helpful first to introduce one more
property of relations, in addition to the ones introduced earlier (namely, reflexivity,
symmetry, and transitivity). Consider a set S equipped with an equality (equiva-
lence) relation. Using = to denote this equality, let < be another relation on S such
that, if x <X y and y < x, then x = y. We then say that the relation =< is antisymmet-
ric. A relation < on a set S is called a partial order if it is reflexive, transitive and
antisymmetric. The structure (S, <) is correspondingly called a partially ordered
set, or in short a poset.

Note that the relation < on R is antisymmetric. So is the relation C on the power
set of a set. But there is a difference. It is always the case for < that any two real
numbers = and y are comparable, i.e., either x < y or y < z. For the relation C,
however, this may not always be so; it may well be that for two subsets X and Y of
aset .S, neither X C Y nor Y C X. The definition of antisymmetry accommodates
this difference.

Also note that, in addition to being antisymmetric, the relation < is reflexive
and transitive as well. Thus the structure (R, <) is a poset. Likewise, for a set S, the
structure (P(S), C) is a poset too.

2.6.1 From Posets to Lattices

Built up on the notion of a poset, there is the important notion of a lattice, which is
a special kind of a poset. In order to see what it is, it is perhaps best to first examine
closely the structure of the power set of a set.

Recall that for a set S, there are two ways of looking at the structure of its
power set P(S): one as a relational structure (P(.S), C), and two, as an algebraic
structure (P(S), U, N). Furthermore, the two views are very tightly interlinked. To
be specific, we know that, for two subsets X and Y of S, X C Y if and only
if X UY =Y. Equivalently, X C Y if and only if X N Y = X. Can we say
some thing similar about posets in general? Given a partial order, can we associate
with it two binary operations (like U and M) in a similar fashion? The answer is a
qualified yes. This is made possible by the fact that for posets in general one can
talk of their smallest and largest elements, and of upper and lower bounds for their
subsets. Analogous to what we mean by these terms in the case of sets and their
subsets, they are defined for posets as follows.
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For a poset (P, <), if there exists an element s € P such that s < a for every
a € P then, by antisymmetry, s is unique. Such an element s is called the /east
(or smallest) element of the poset. Similarly, if there exists an element s € P such
that o = s for every a € P then s is the greatest ( or the largest) element of the
poset. Next, let X C P. An element s € P is an upper bound of X if x <X s for
every x € X. If s is an upper bound of X such that s < a for any other upper
bound @ of X, then s is a least upper bound (or supremum) of X, written in short
as s = sup(X). The element s is a lower bound of X if s < x forevery x € X; s is
a greatest lower bound (or infimum) of X if a = s for any other lower bound a of
X, and we write s = inf(X) in this case. Again, it follows from antisymmetry that
both sup and inf, if they exist, are unique.

In the special case in which the set X consists of a pair of elements, X =
{a, b}, and for which sup and inf exist, we respectively write them as sup(a, b) and
inf(a, b). Furthermore, if they exist for every pair of elements of the poset .S, then
the two qualify as binary operations on P. In that case, a common practice is to
write sup(a, b) as a VV b, and inf(a, b) as a A b. At places, we refer to the operations
V and A as sup and inf respectively.

Remark 3 Observe that for the poset (P(.5), C), the operations U and N are special
cases of the operations \ and A respectively.'” (Recall that the union of two subsets
is the smallest subset containing both, and the intersection of any two subsets is the
largest subset common to both.) [ )

We are now ready to define a lattice: A poset (P, <) is a lattice if each pair of
elements of P has a sup and an inf.

For any set S, the poset (P(S), C) is a lattice. However, not every lattice is as
rich in structural properties as a power set. All the same, we can bring in additional
constraints on lattices, with the power set lattice in mind as template. To be specific,
we can talk of complements, and of distributivity. But before that, let us take stock
of some of the properties of a lattice that are reminiscent of what we know for power
sets. It can be verified that the following claims are true for any three elements
x,y, z of alattice (P, <X):

(2.12) Claim 1 xVy=yVuz, rANy=yAzx

(2.13) Claim2 zV(yVz)=(xVy Vz, zA(yAz)=(xAy)Az
(2.14) Claim 3 xV(zAy) ==z, xA(zVy) ==z

(2.15) Claim4 rVr=zx, TANT=21x

Claims 1 to 4 are respectively called the commutative, associative, absorptive,
and idempotence properties of a lattice; these hold for all lattices. Observe that, with
V and A replaced by U and N respectively, these become for power sets their four

191t may perhaps be more appropriate to say in reverse that \V and A are generalizations of U and
M respectively.
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familiar properties with the same names. Furthermore, as for power sets, these four
properties uniquely characterize a partial order.

In order to see this, let us go backwards. Let us say that for an algebraic structure
(P, V, N\) with two binary operations, all we know is that the operations satisfy the
conditions (2.12)—(2.15). Next, let us define a relation < on P by the condition,

(2.16) r Xy ifandonlyif xVy=y.

It can be shown that the relation = is a unique partial order on P that makes
(P, =) a lattice, with \V and A serving as its sup and inf respectively.”® Moreover,
the condition (2.16) is equivalent to the condition,

2.17) x =y ifandonlyif x Ay = x.

We thus come a full circle, starting off with a relational definition of a lattice,
passing on to an algebraic structure with its two binary operations satisfying the
conditions (2.12)—(2.15), and then back.

2.6.2 Complemented and Distributive Lattices

For a power set lattice (P(S), C), we have the familiar idea of the complement of
a subset: for a subset X of .S, its complement is a unique subset X’ of S such that
XUX' =Sand XNX' =0.

This suggests an analogous notion of a complement for a lattice in general,
which reduces to the familiar one for power sets. Let (P, <) be a lattice with great-
est element U and smallest element £. Then we say that an element y of P is a
complement of an element x of P if the two together satisfy the condition

(2.18) xVy=U and zAy=F,

where V and A respectively denote sup and inf for the lattice. We say that the lattice
is a complemented lattice if it has a greatest element and a smallest element and, in
addition, every element of it has at least one complement.

As we shall see in the next subsection, complements need not be unique in this
general setting. Recall that complements, as defined for power sets, are unique.
This is ensured by the distributivity property of union and intersection. We can
analogously define distributivity for lattices as follows.

20Details of the proof can be found in Arnold [1, Chapter 4]. Lidl [20, Chapter 1] and Bloch
[4, Chapter 7] are also worth looking at in this connection.
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Let (P, <) be a lattice, with VV and A respectively denoting its sup and inf. Then
we say that it is a distributive lattice if any three elements x,y, z € P meet the
condition,

(2.19) xA(yVz)=(@Ay)V(zAz).

Again, just as condition (2.16) is equivalent to condition (2.17), condition (2.19)
is equivalent to the condition,

(2.20) xV(yAz)=(@Vy A(zVz2).

Now, suppose (P, <) is a complemented distributive lattice. Then, by definition,
any element z € P has at least one complement, say y. Let us say that x has another
complement z. Clearly, if U and E' are the greatest and least elements of the lattice,
theny = yAU = yA(zVz). Invoking distributivity and properties of a complement,
wegety = (yAz)V (yAz)=EV(yAz) = (yA z). Similarly, by symmetry,
z = (2 Ay) = (y A 2). In other words, y = z. In summary, we find that every
element of a complemented distributive lattice has a unique complement. Thus, a
complemented distributive lattice is, in this respect, put at par with a power set
lattice.

In the mathematical literature, a common practice nowadays is to call a com-
plemented distributive lattice a Boolean algebra. This apparently differs from the
common perception that an engineering student has of Boolean algebra. For him
(her) Boolean algebra is what you use in the design and simplification of digital
circuits made up of binary switches. It is generally presented in this context as an
algebraic structure with two binary operations satisfying conditions (2.12)—(2.15),
together with condition (2.19), and one unary operation (complementation) satis-
fying condition (2.18). Based on the preceding discussions, we can see that there
is no conflict between the two perceptions of a Boolean algebra. They yield two
equivalent characterizations of the same structural entity. Both characterizations are
very tightly connected with the so-called Stone’s Representation Theorem, which
reads in the finite case as follows: Every finite Boolean algebra is isomorphic to the
Boolean algebra of the power set of some set. It is this result that justifies the use of
the familiar Venn diagrams in depicting logical expressions.

The theory of lattices in general, and of Boolean algebras, is very rich and vast,
as you can see from Gritzer [9]. For its modern applications in signal processing,
spectral domain design of digital devices, and in cryptography, you may like to look
up Stanovié [25], Karpovsky [17], and Cusick [7].

2.6.3 Lattice of Subspaces of a Vector Space

We have seen that the power set of a set forms a complemented distributive lattice
(Boolean algebra). As already mentioned, not every lattice is distributive. As an
example of a non-distributive lattice, let us consider the set S(V) of all subspaces
of a vector space V. We will first show that it is a lattice under set inclusion (C).
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Note, first of all, that S(V/) is a poset under set inclusion, i.e., set inclusion, C,
is a reflexive, antisymmetric, and transitive relation on S(V'). This follows directly
from set theoretic arguments.

Recall, further, that for X, Y € S(V), the set theoretic intersection X NY is
also in S(V); in fact it is the largest subspace contained in both X and Y. More
formally,

nf{X,Y}=XnY.
At the same time, the sum X + Y, of X and Y,
X+Y={z+ylzeX,yeY}
is the smallest subspace containing both X and Y, i.e.,

sup{X,Y} =X +Y.

Thus the set S(V'), under set inclusion, is a lattice, i.e., it is a poset with a sup
and an inf for any two of its elements.

But it is not a distributive lattice. We show this with the help of a counterexample
for R2. Let V; and V5 be its subspaces spanned by the standard basis vectors §; and
dy respectively. Then Vi + Vo, = R2. Let W denote the subspace spanned by the
vector d; + d2. Then

W (Vi+ V) =WnNR? =W.
But W NV, = W NV, = {0}, the zero subspace of R?, so that
(Wnvi)+(Wnh;) ={0}.
Thus, in this case,
WnoWi+Ve) # W)+ (Wnhy),

violating distributivity.?!

What about complements in this case? Well, for S(V/), the least element is the
subspace {0} and the greatest element is V itself. Treating it as a lattice, we then
find that the condition (2.18), which defines complements for lattices, reduces to
the following condition:

(2.21) X+Y=V and XnNY ={0},

where X and Y are subspaces of V. Condition (2.21) is equivalent to saying that
X &Y = V. Thus the notion of a complement, as defined for lattices, coincides in
this case with that of a complement of a subspace as defined earlier in Section 2.5.2.
Moreover, as explained there, complements of subspaces are in general not unique.

In all, in the lattice of subspaces of a vector space, we have an example of a
complemented non-distributive lattice for which complements are not necessarily
unique.

21The discussions given here are based on the treatment in Roman [23, pp. 30-31] and Jauch [16].
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2.7 Closing Remarks

The brief narrative of this chapter is not a substitute for a detailed exposition of any
of the topics. It is essentially meant to give the reader a working start for immediate
use in the later chapters. For a fuller account, the references given at various points
of the narrative may be consulted. There has been a steady stream of very good
texts on algebra and its applications, some of these specially meant for engineers
and scientists.
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Chapter 3

Measurement, Modeling,
and Metaphors

From a review of mathematical structures in the abstract, we now turn to their
representational role. What prompts us to think of signals in terms of vector spaces?
What justification is there for us to think of long or short rods in terms of their
lengths (in some unit) given as real numbers? Or for that matter, what justifies
the practice of reckoning time in terms of numbers shown by a clock? There is a
common thread running through all such questions. It is this thread that we wish
to examine in this chapter. Our deliberations here run on two overlapping lines of
thought. One of them is the line adopted in what has come to be known as the repre-
sentational theory of measurement, as outlined in such works as Stevens [18], Sup-
pes and Zinnes [19], Scott and Suppes [17], Krantz [5], Roberts [14], Narens [7,8].
The other one is what forms the core of the notion of modeling as outlined by
Rosen [15,16].

3.1 Archimedes and the Tortoise

Recall, to begin with, the popular story about the hare and the tortoise, which is
generally understood to conclude with the message that slow and steady wins the
race. Significantly, alongside the message, the story also has a hidden assumption:
In walking from a point A to another point B at a finite distance from A, no matter
what your step size, you will be able to cover the finite distance in a finite number
steps.! Let us call this assumption HA.

There is a numerical counterpart of this observation, known as the Archimedean
Principle: If a and b are real numbers, and a > 0, then there is a positive integer n
such that b < na. Note that there is a close connection between this principle and
the HA. Assign the number a to the step size, and the number b to the distance
between points A and B. Then the Archimedean Principle becomes the HA.

"What is finite distance, one might ask. But we will ignore such questions here.
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But there is a catch. In the axiomatic theory of numbers, the Archimedean
Principle is an unavoidable consequence of the axioms. The HA, on the other hand,
is at best a hypothesis about real-life situations, borne out of experience. Imagine
yourself walking on perfect ice, and you will have a scenario in which HA may
not hold true. In that case, assigning numbers to step sizes (or to distances in phys-
ical space in general), and then using the laws of arithmetic to draw conclusions
from these numbers, is liable to lead to major errors of judgement about real-life
situations.

So, a very pertinent question to ask in this connection is the following: What
conditions must hold so that a study of certain empirically verifiable qualitative
attributes of physical objects or processes can be carried out quantitatively by map-
ping them into a system of numbers? Let us see how this question is addressed in
the representational theory of measurement.

3.2 The Representational Approach

Measurement, in its widest interpretation, is a matter of assigning numbers to cer-
tain attributes of objects or events such that, for purposes of analysis, the numbers so
assigned can serve for the attributes by proxy. It is a matter of representing a struc-
ture of physically observed relations, e.g., those between lengths, weights, prefer-
ences, or utilities, by a structure of abstract mathematical objects such as numbers
or functions.

In the representational view of measurement, this idea is made more precise by
characterizing objects and their attributes in terms of relational structures. Such a
characterization is perhaps best explained with the help of an example. We choose
for this the case of measurement, or comparison, of lengths of a given set of rods.’

3.2.1 Measuring Lengths

Let X denote a set of rods, idealized as line segments, and let us say that we are
interested in comparing them in terms of what we might call their “longness” at-
tribute. Such a comparison may consist of figuring out for any two rods whether
one is longer than the other, or whether the two are equally long. This may be as-
certained in the usual way by physically placing them side by side, flush with each
other at one end. Results of such pairwise comparisons together define an ordering
relation “at least as long as” on X, which we will denote here by the symbol >.
Besides comparing two rods, we also join them together to make a new rod. In
an idealized sense, this amounts to placing the two rods adjacent to each other along
a straight line, leaving no gap in between. Assuming that the resulting new rod is

2Measurement of weight, or of temperature, could have equally well served the purpose of
bringing out the basic idea. But the case of length is perhaps the simplest.
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also in the set X, this defines a binary operation (a ternary relation), the so called
concatenation operation, on the set X of rods, which we will denote here by o.

Our study of the rods in this context is essentially a study of the relational struc-
ture X = (X, =,0).> Following common practice in the theory of measurement,
we shall call such a structure an empirical structure to suggest that it is determined
through empirical evidence. This is to be contrasted with a numerical structure such
as R = (RT, >, +), which is a formal structure, i.e., one that is an axiomatically
defined mathematical construct.

Rather than using direct physical comparisons to determine the empirical struc-
ture X = (X, =, 0), we commonly take the help of a measuring tape to read off
numbers that give the lengths of the individual rods, and then compare the lengths
instead. In doing this, we intuitively appeal to the fact that the relation > mirrors
for the numbers assigned as lengths the same relation that > does for the rods. Fur-
thermore, we also take for granted that the lengths of rods = and y add up to the
length of the rod (x o y).

To make all this more precise using the language of algebra, we can say that the
process of length measurement involves three things here: the empirical structure
X = (X, =, 0), the formal structure R = (R*, >, +), and a mapping ¢ : X — R™.
The mapping ¢, which can be looked upon as an abstraction of the measuring tape,
is a structure preserving mapping, a homomorphism. It is a homomorphism from
(X, >,0)into (R*, >, +), i.e., for any z,y € X, it satisfies the conditions:

(3.1) x =y ifandonlyif ¢(x) > o(y),
(3:2) ¢(zoy) = ¢(x) + o(y).

Such a homomorphism is said to provide a representation of the structure
(X, =, 0) by the structure (R, > +). On the lines of representational measure-
ment theory, the basic question posed towards the end of the previous section takes
here the following form: What empirically verifiable conditions must be placed on
the structure X so that the structure R serves as a representation for it?

Consider for instance the following four conditions.

1. The relation > is transitive, i.e., for z,y,z € X, if x > y and y > z, then
T .
2. Forany z,y € X, either x > y or y > x or both.

3. The operation o is associative and commutative.

4. Let us assume that for x € X we can have as many ‘perfect copies’ as we
like, and let z,, denote the rod obtained by concatenating n perfect copies
of x. Then, for x,y € X, there is a positive integer n such that x, > y but

y ot .t

3Note that a binary operation is a ternary relation. So, in principle, we can treat o as a relation.
“4This is brought in to fall in line with the Archimedean principle for numbers.
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Intuitively, we will all agree—perhaps after some reflection, that these
conditions must necessarily be met by R for the measuring tape procedure to work.
Are these conditions really necessary? Are they sufficient as well? Is the repre-
sentation unique?’ If it is not unique then what kind of structural relationship the
various possible representations have? How can we formalize the notion of scales
of measurement?

Representational measurement theory is concerned with a host of such issues
underlying the concept of measurement in general. The reader is referred to Roberts
[14], Narens [7], and Krantz [5], and Narens [8], for a comprehensive discussion.
Narens [8] also discusses connections of theories of measurement with symmetry.
For a recent critique of the theory, see Domotor [3].

Our concern here is not with the details of the theory, but with the spirit of it,
and with the connections it has with the notion of modeling.

Notice that measurement is typically concerned with numerical representation
of a specific attribute of a certain class of objects, events, or processes. The notion
of modeling, as it is to be understood here, has to do with a formal representation of
the class as a whole, one that mirrors all its attributes of interest.® Let me go back
to the case of sounds, or audio signals, as an illustration.

3.2.2 From Measurement to Modeling

For a sound, a microphone enables us to convert it into a voltage at a terminal pair
as a function of time. Every sound has such a map. And through a complementary
transducer, the loud speaker, this map is invertible. Note that the set of sounds has
additional structure, in the sense that there are natural operations that we perform on
sounds. The act of mixing of two different sounds produces another sound. There
is also the operation of raising or lowering the volume of a sound. Then there are
delays. The functions into which sounds map should also have the equivalent of
these operations, and the map from sounds to functions should preserve these oper-
ations. Thus mixing corresponds to adding functions, volume control corresponds
to scalar multiplication of functions, and operations of time delay correspond to
time translation of functions.

Then there are more intricate issues about sounds. We think of them in terms
of certain common features. Thus apart from volume, there is the notion of pitch.
We talk of low—pitched and high—pitched voices. Likewise, we distinguish be-
tween the drone of a plane and a whistle, attributing the difference to their basic
pitches. More generally, we may say that we categorize sounds in terms of some of

3Clearly, it is not unique. We know that the numbers depend on what scale we choose—
centimeter or inch, for instance. But we also know that there is a proportionality relationship between
numbers we get on these two scales.

%Both in mathematics and the sciences, the word ‘model’ has been used in a variety of apparently
different ways. A critique of these can be found in Suppes [20], where he takes stock of some of
these different ways, and presents arguments to show their essential unity.
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their discernable features and attributes. Such features and attributes translate into
properties of functions into which they map, e.g., how these functions change from
one moment to the next. For functions of time, for instance, such features and at-
tributes are related to their various derivatives.

Moving over to the set of functions that encodes the set of all sounds, we now
can see a more elaborate structure for it. If the set of such admissible functions is
X, then it has prescribed on it the following operations:

1. Adding
2. Scaling
3. Delaying, or shifting in time

4. Differentiating, which gives an idea as to how rapidly the function changes
from moment to moment

5. Storage in and retrieval from memory on demand
6. Making copies

Remark 4 I use the term “differentiation” in a general sense here. If time is en-
visaged as continuous then it the usual operation of taking the derivative. In case
time consists of a countable set of moments then it involves first and higher order
differences. '

These can be regarded as a set of elementary operations on functions, with the
understanding that they have their physical realizations as systems. Thus, if sounds
s; and s, are mapped by a transducer into voltages V; and V5, physically mixing
s1 and s, carries over into summing the voltages V; and V5, a task that is carried
out by a circuitry. Likewise, making s; louder by a certain amount carries over into
magnifying or amplifying the voltage 1} by a matching factor or gain, again through
a circuitry. At the same time, the voltages encoding the sounds in turn map, through
a process of measurement (recording values at every time instant with the help of
meters or digital oscilloscopes), into mathematical functions fi, f» and so on.

The transducers, together with the measuring system, enable us to make a tran-
sition from the physical world of aural perceptions and sounds to the world of num-
bers and functions. This transition is of crucial importance because it enables us to
do things to sounds that we cannot do with our natural means (like storing sounds
for listening to them later, or for sending them over to distant places). By encoding
sounds into voltages, we are in a position to do a lot of processing that is not natu-
rally possible, e.g., adding and subtracting, filtering and smoothing, through clever
circuitry, and then converting back to sounds through complementary transducers.’

"This is where technology comes in. Rather, it is this possibility of increasing our power through
synthetic means that is the essence of technology.
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Given the elementary operations and their physical realizations, we can then
ask ourselves what sort of derived operations we can build from them. The class
of all such derived operations becomes then an interesting subject of study for the
design of processing systems. The elementary operations are the building blocks
from which other more complicated derived systems are built so to say.

In summary, the process of modeling audio signals, in the sense just explained,
involves four things: (a) an empirical structure, S, consisting of the set of sounds,
together with all the elementary operations, (b) a formal structure, F, consisting
of a set of mathematical functions of a certain kind, together with mathematical
equivalents of the elementary operations, (¢) an encoding procedure ¢ : S — F for
mapping propositions in § into corresponding propositions in F and, (d) a decoding
procedure ¢ : F — S for going from the F back to S. The formal structure F
serves as a model of the empirical structure S.8

In order to further illustrate the idea of modeling, let us examine the way we
perceive of time and space in the context of signals and systems.

3.2.3 Time and Space

Both in our conception of time and space, it is considered natural to turn to the
real line as a model, treating time as consisting of moments and space as consisting
of locations. Yet, if a distinction is to be made between what we learn through
our sense perceptions and what we conceptualize through contemplation alone, the
practice of identifying time or space with the real line ceases to be that natural.
There is a need here to show that the empirical structure of time, or of space, has
the right correspondence with the formal structure of numbers.

Let us take up the case of time as consisting of discrete moments. Let 7" denote
the set of such moments (or instants), with one of them %, chosen as the starting
moment. Furthermore, let S denote a unary operation on 7', with St denoting the
moment “immediately after” the moment ¢. Note that our empirical temporal ex-
perience supplies the interpretation for the expression ‘immediately after’, as also
for the notion of an initial time instant. In this sense, no arithmetic like operation
is yet involved. Again, based on empirical evidence, we can say that the struc-
ture (7', ty, S) meets the following conditions in which “=" stands for the relation
“same as”:

N1 Foranyt € T, St # ty.

N2 Forall r,t € T, if r # t then Sr # St.

8Notice that, following Rosen [15], I have called ¢ and v encoding and decoding procedures,
respectively, rather than morphisms; morphisms are maps from one formal structure to another,
whereas for these two, there is an empirical structure at one end, and hence the need for this
distinction.
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N3 If U is any subset of 7" such that (i) ¢y is in U and (ii) whenever ¢ is in U then
sois St,thenU = T.

N1 refers to the fact that, following the “flow of time”, we cannot revert to the
origin. N2 asserts that there is no branching in time, i.e., for any time instant there
is only one instant immediately after it. Finally, N3 corresponds to the fact that our
temporal experience necessarily involves all points in time and that, in following
them one after another, using N1 and IN2, none are left out.

In abstract terms, N 1-IN'3 constitute a version of the Peano postulates, N3 being
the axiom of mathematical induction. Now, all structures that satisfy the Peano
postulates are isomorphic. Furthermore, for any specific such structure, there is a
unique binary operation possessing the natural attributes of addition.” We can thus
say for the index set T' of time instants, which satisfies the Peano postulates, that
it can be replaced for all practical purposes by the system of nonnegative integers
under addition. The idea of treating N as a model of the index set 7" of time instants
then stands justified.

Our arguments for the index set of discrete time instants hold equally for 1-D
space of our spatial perception. There is, however, one basic difference between
time and space. In our temporal experience, the notion of order amongst time in-
stants, based upon the distinction between past, present and future, is an empirical
necessity. In our spatial experience, however, such ordering as results from assum-
ing a particular direction is an optional attribute. So in modeling 1-D space by N
we are imposing upon it restrictions that are not empirically essential.'”

We are so used to the idea of treating time and space in terms of numbers that
we do not normally think that this calls for a justification. In modeling signals in
terms of vector spaces, we are likewise blinkered by familiarity from looking at
alternative algebraic models.!! As already pointed out in Chapter 1 in the context
of LTI systems, signal spaces can also be modeled in terms of algebraic structures
known as rings, integral domains, and algebras. For a detailed discussion of this
point of view and its unifying role and relevance, the reader is referred to the works
of Piischel and others [11, 12].

9For a detailed discussion of these points, see Henkin [4].

10There are several basic issues related to modeling of time and space that we leave out of our
discussions here. A glimpse of the complexities involved at the deeper end can be had from van
Benthem [2]. A historically significant line of thinking about the modeling of continuous time is
also to be found in the works of Hamilton, as documented in Neils and Otte [9]. As they point out,
Hamilton took the view that algebra is to time what geometry is to space. Pursuing this viewpoint,
Hamilton came up with a mathematical formulation (a formalization) of the notion of time that is
apparently analogous to what Dedekind later obtained for the real number system.

T am tempted at this point to borrow, rather cheekily, half a metaphor from Rawls [13, p. 118].
As he says, while deciding upon procedures for identifying just principles, we ought to operate
from behind a veil of ignorance. We could in a similar spirit say that many deep questions about
commonplace concepts are usually hidden from us by what we might call a veil of familiarity.
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3.2.4 Models in General

The foregoing discussions about time and space connect strongly with the idea of
modeling in general, as interpreted in Rosen [15, 16].

Rosen’s work rests on the premise that the world of our perception separates
into two domains, one of natural systems, and another of formal systems. These
two domains are connected by what he chooses to call encoding and decoding
procedures. His natural systems, conceived as a perceptual ‘snapshot’ of the real
world, subsume what we have called here empirical structures, and formal systems
correspond to formal structures. His treatment of the subject of modeling makes
profound reading, addressed as it is to some very deep questions about the role and
limits of models. Can living organisms be modeled as machines? What exactly is a
machine? And above all, what is life? The tenor of his thoughts should be of direct
interest to those concerned with the contemporary activities in the areas of signal
and data (audio and video) representation and compression. '?

Our discussions of modeling and measurement will not be really complete with-
out taking note of the important role of metaphors in the development, conceptual-
ization, and communication of mathematical ideas. It might seem rather far-fetched
to suggest that metaphors have such a role. After all, to go by the common usage, a
metaphor is a figure of speech, one that is used for literary adornment. What place
could it have in mathematics, or in science, or in modeling and measurement, where
precision and logic rule the roost? That it indeed has a place, and a very crucial one
at that, is what I wish to very briefly highlight in the concluding section of this
chapter.

3.3 Metaphors

What are we,
But blobs on the canvas of Time!

Metaphors pervade our language and thought, even in a technical discourse.'
It is not uncommon, for instance, for text books on circuit analysis to say that a
voltage source connected to a 2—port sees a driving point impedance of a certain
value, say 50 €2. Here is a clear case of a metaphor being used in a routine manner,
supposedly to promote understanding. Unlike a technical term explicitly defined in
advance, here is a term—seeing, that is used without first defining it and certainly
way outside the scope of its literal meaning, assuming that the underlying analogy
between a human and a voltage source, and likewise between a tree out there and

12The book by Barrow [1] is also worth looking at in this connection. Yaglom [21] gives yet
another noteworthy account of the multi-threaded connections between mathematical structures and
the physical world.

3For a comprehensive account of the current thinking on the subject of metaphors in general,
the collection of essays in Ortony [10] is a rich source.
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the impedance of a 2—port, is self-evident. What is more, it is assumed that this
helps comprehension as a figure of speech. Well, does it? To most, it is just another
one of those common words that one glosses over. To them, it carries no special
significance in the general flow of the main idea; they do not even notice it. But for
the few who do notice it, it brings up a point to ponder on the side, and to realize
that the use is not in a literal sense of the word, but rather as a metaphorical shortcut
for an otherwise lengthy and ‘dry’ description of the relationship between a source
and a load.

Mathematical, scientific, and technical literature is strewn with such metaphori-
cal uses. Their role is primarily taken to be that of enlivening the process of commu-
nication and learning, without any formal implications for the subject matter under
discussion.

But then there is more to metaphors than just that. Indeed, as cognitive scien-
tists now tell us, metaphors are the linkages through which we develop our under-
standing of the real world, and of mathematics. A metaphor, or rather a conceptual
metaphor as they choose to call it, is in this respect an attribute transferring mapping
from one conceptual domain, the source domain, to another, the target domain."*

As very eloquently argued by Lakoff and Nufez [6], abstract mathematical
ideas are also conceptualized and comprehended through chains and layers of such
conceptual metaphors, with the initial source domains consisting of parts of our
concrete bodily experiences. To support their arguments, they take up a wide range
of mathematical concepts and bring to the fore their metaphorical moorings. From
arithmetic to algebra, from basic set theory to the theory of hypersets, from the no-
tions of limits, continuity and convergence to infinitesimals (nonstandard analysis),
they all come under their scanner. While experts may debate the validity of their
findings, Lakoff and Nufiez undoubtedly open up radically new avenues of under-
standing for those concerned with learning and applying advanced mathematical
concepts.

4Notice the structural similarity with the representational theory of measurement and modeling.
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Chapter 4

Symmetries, Automorphisms
and Groups

4.1 Introduction

What beauty is to a young

Algebraist beholder

Automorphisms and symmetries are to
him as he grows older

But to an electrical engineer? Oh well!

Both are just like a boulder

Suffice for him a chip, a bus, and a man-
ual in a folder.

Or so it is, till he chances to catch amidst
his bustle and toil

Those whispered melodies of Hilbert and
Weyl

That gently float from just over his
shoulder.

In this chapter we see how group theory enters in an explicit manner in the study
of symmetry, and in what way the connections between group theory and symmetry
are relevant to the study of signals and systems. The ideas discussed here will serve
as a background for the study of modern harmonic analysis on groups, and of its
applications in signal representation and processing.
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By symmetry, one commonly understands physical or geometric symmetry, the
kind in which physical objects, geometrical figures or patterns, when subjected
to certain reorientations, are found to be indistinguishable from what they were
originally. A cube is symmetric in this sense, and so is an equilateral triangle. So
also is a resistive 2—port whose ports can be interchanged without affecting the cur-
rents and voltages of the rest of the network to which the ports are connected. There
are then similar symmetries of pictures, images, and multi—-dimensional signals,
both in the sample and spectral domains.'

Significantly, it is as much meaningful, and in essentially the same sense, to
talk of symmetries in temporal events. The basic idea remains the same; only the
context and interpretation changes. Thus, a periodic signal has the symmetry that it
is indistinguishable from its translates resulting from shifting it in time by integral
multiples of its time period. A more subtle instance of such symmetry is the one
mentioned in Section 1.6—that of time— or shift—invariance of systems. In this case,
it is the input—output relations that remain unchanged under time translations or
shifts.

In the study of physical problems, presence of such symmetries invariably leads
to a great deal of simplification, both in their visualization as well as in their math-
ematical encoding and analysis. In this respect, a unified mathematical framework
for dealing with symmetries and their implications is provided by the theory of
groups and their representations.

In the sciences, group theoretic techniques of exploiting symmetries have had
a place of central importance since the early twenties.” In electrical engineering,
however, a commensurate recognition for them has been rather slow in coming.
Symmetries have no doubt long been exploited to simplify analysis in many results
in circuit analysis.® But the links with group theory did not begin to attract gen-
eral attention until the sixties, even though there were important pointers to their

'In the theory of 2-D and multidimensional digital filters, these symmetries are put to use in
simplifying design methods. See Antoniou [12].

These techniques, in the form that they are in use today, are largely the outcome of intense
and closely knit activities in mathematics and mathematical physics begun in the twenties. See the
collection of papers in MacKey [13] for a very illuminating historical account of their development
and role. On the general subject of symmetry, see the classic by Weyl [19].

3The method of symmetrical components of power systems, the Bartlett’s bisection theorem for
2—port networks, and the method of characterizing differential amplifiers in terms of common and
differential mode gains are some of the well known examples of this. The notion of characteristic or
image impedance of a 2—port, which is central to the classical theory of image parameter filters, is
also another instance of the use of symmetry.
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significance in the early literature, some of them in network theory,* and others in
the area of waveguide design.’

The picture has changed radically over the last thirty years, and these links now
play a vital role on many fronts.® Well, what really are these links? Let us see.

4.2 Symmetries and Automorphisms

Observe, to begin with, that the notion of symmetry of an object, be it a physical
one, a pattern or an image, or a temporal event, rests essentially on our perception
of it as consisting of two things: one, a set of constituent members (the points that
form the surface of a cube, the vertices of a triangle, the voltages and currents at
the ports of a network), and two, a relationship specified for them (lengths of the
sides and the angles between them for the cube or the triangle, the voltage current
relationships at the ports for the 2—port). A symmetry of the object then consists
of the fact that, if some or all of the constituents are interchanged in a one-to-one
fashion, each one acting for the one it replaces in the specified relationship, then the
relationship remains unaltered.

More abstractly, an object is for us in this context a relational structure. It is good
enough for the present purposes to assume that there is just one relation involved, so
that we have as our starting point, a structure (5, R), where S is a set, representing
the constituent members, and R is a relation, relating .S either just to itself or to
some other given sets in addition.

Take the case of an equilateral triangle for instance. Let its vertices be labelled
a, b and ¢, and let its sides be of length A, as shown in Figure 4.1a.

“4A significant early contribution in this class, and perhaps amongst the first ones, to point out
the role of group theory in the study of invariance and symmetry in circuit problems, is that of
Howitt [9]. Although this paper drew attention to several significant avenues of work, including one
that points to the state space approach, it does not appear to have received the kind of attention it
deserved at the time. Note, in particular, the following comments in his concluding remarks: “What
in electric circuit theory corresponds to the principal or normal coordinates in dynamic theory?
...in the study of an electrical network ..., one continually encounters many seemingly unrelated
branches of mathematics, such as (1) continued fractions, ..., (5) group theory, (6) Fourier series
and transforms ...etc.. It seems almost as if something were there, inarticulately trying to make
itself understood. But perhaps it must await a modern Euler.”

Another interesting early paper to independently make a strong case for the use of group theory in
the analysis and classification of networks was that of Gaertner [6]. Through his treatment of 2—port
networks and their cascade connections, he put forth the point that the group theoretic approach
“justifies itself not only by the results of its derivations but also by adding to the understanding and
insight and thus providing ideas and suggestions on how to handle certain problems.” Also see in
this connection the classical work by Brillouin [1, Chapter 9].

5 Appearing in the fifties, these introduced group representation theory in the design of symmet-
rical waveguides. See Kerns [10] and Pannenborg [14].

©As a sample of the kinds of activities that have been going on in recent years, see Lenz [11]
and Foote and Mirchandani [4,5].
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a a

A A A A1

b \ c b Ao c
(@) (b)

Figure 4.1 (a) An equilateral triangle; (b) an isosceles triangle

Looking upon it as a figure defined by the three points in the plane serving as
vertices, together with the lines joining them, its symmetries consist of the attribute
that in whatever manner we interchange the labels of the vertices, for any two ver-
tices with the same labels before and after the interchange, the distance between
them remains the same.’

To interpret this algebraically, let us concentrate on the set S = {a, b, ¢} of the
vertices of the triangle. A relabelling of the vertices is characterized by a one-to-one
onto, i.e., invertible, mapping from S to S. There are six such mappings, also called
permutations, on a set of three elements. For the sake of convenience, let us call
these mappings, f1, fa, - -, f6, as listed below in Table 4.1.

i a
faff D
f3 c
fa a
I5 c
fol| b

Q0 2 o o
o o9 o

Table 4.1 One—one mapping from the set S = {a, b, ¢} to itself

In addition to the vertices, we need also to specify the lengths of lines between
them to completely specify the triangle. For an equilateral triangle, these lengths
are the same, in our case A\. We may then look upon the triangle as a ternary relation
R, asubsetof S x S x R*:

R:{(%ya)\ﬂx,yes and x;éy}

This is equivalent to saying that if we rotate it around its centre by multiples of 27/3 radians,
or reflect it along the perpendicular from a vertex to the opposite side, it coincides with itself.



4.2 Symmetries and Automorphisms 85

The relational structure S = (S, R), consisting of the set .S together with the
relation R, then allows us to algebraically describe the symmetries of the equilateral
triangle.®

Note that any of the maps f; is such that the interchanges introduced by it
amongst the members of S do not affect the relation R. Treating R as a set, this
is equivalent to saying that the set of triples resulting from the interchanges is the
same as the set R:

In order to bring it in line with the sort of algebra we want to bring in here, let us
rephrase this condition into an equivalent form, consisting of two parts,

(423) {(fz(x)7fl(y)aA)|('r7y7)\) ER} Q'R,and,

Going a step further, (4.2a) and (4.2b) may be rewritten respectively as
(4.3a) (x,y,\) € R implies that (fi(z), fi(y),\) € R, and,
(4.3b) (z,y,\) € R implies that (f;(x), f; ' (y),\) € R.

We shall say that the one-to-one onto function f; is a structure-preserving map
for the structure S if it satisfies the condition (4.3a). By the same token, fi’1 is also
structure-preserving for S if it satisfies the condition (4.3b). Furthermore, we shall
say that f; is an automorphism of S if f; as well as f; ' are both structure-preserving,
i.e., if conditions (4.3a) and (4.3b) are both satisfied.

As we shall see in the next section, for the kinds of structures in which we are
interested here in connection with symmetry, it is enough to stipulate that f; be a
structure-preserving map; this implies that f; " is also one.

A symmetry of the equilateral triangle may then be said to consist of the fact
that there is a one-to-one onto map from the ground set S to S such that it is an
automorphism of the structure S = (S, R). Table 4.2 shows the correspondence
implicit in this point of view between the primitives in terms of which we describe
symmetries of the triangle at the intuitive level, and their algebraic counterparts.

Consider as another geometrical example, the symmetries of the isosceles trian-
gle shown in Figure 4.1b. Proceeding as in the case of the equilateral triangle, the
pertinent relation here is

L ={(a,b,\1),(a,c,\1),(b,a, A1), (c,a, A1), (b, e, A2), (¢,b,A2) }.

8Recall that for a relational structure, the most commonly encountered situation is of the type
in which the pertinent relations are given on the ground set or powers of it. In more general cases,
the relations may be over not just over the ground set but on several other external sets in addition
to it. For us here, R™ is such an external set for the relation R. Admittedly, structures with external
sets can not be clubbed with those without external sets. For the present purposes, however, we shall
overlook this fact.
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Intuitive notions | Algebraic counterparts
Labelled vertices A Set S

Distances between the vertices A relation R over S
Equilateral triangle Relational structure S = (S, R)
Symmetry operations on the triangle || Automorphisms of S

Table 4.2 Equilateral triangle; symmetry operations and automorphisms

Characterizing the symmetry operations in this case, there are only two auto-
morphisms of the structure S = (5, £). These are f; and f5 as listed in Table 4.1.

The general idea that these two geometrical examples point to is that the infu-
itive notion of symmetry can be given an algebraic formulation in terms of auto-
morphisms of relational structures. We can in fact treat the notion of symmetry as
synonymous with that of automorphisms of relational structures.

Let us now see what shape this idea takes in the case of networks and systems.
Consider first a 2—port passive resistive network shown in Figure 4.2 under dc exci-
tations, and suppose that it has internal physical symmetry about the axis XY This
symmetry implies that with external connections at the ports remaining the same,
the port voltages and currents do not change if the 2—port is flipped around the XY
axis. We now want to restate this fact in relational terms.

X
i : i
G | i
Y

Figure 4.2 A resistive 2—port network

Let x denote the vector [z; )" of port variables, which may either be volt-
ages or currents; since we are considering the dc case, it is a 2 x 1 vector of reals
(a member of R?). A 2—port is typically characterized by a function giving two of
the port variable in terms of the remaining two (e.g., v = f(i)). It may alternatively
be characterized as a binary relation N consisting of all admissible ordered pairs
(x,y). We assume, to be specific, that the first member x is the port current vector
and y is the corresponding voltage vector.

Now, the operation of flipping the 2—port around the axis XY is the same as
interchanging the external connections at the two ports. Let ¢; : R? — R? be the
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one-to-one onto map giving ¢y ([x; z2)') = [z2 1], and ¢y be the identity map
giving ¢o([x1 xo]') = [x1 22]. The symmetry condition stipulated for the 2—port
then amounts to saying that ¢po and ¢, are automorphisms of the relational structure
(R%,N) i.e., for x and y in R?,

4.4) x Ny ifandonlyif ¢;(x)Nei(y) i=0,1.

If we revert to the familiar functional description of the 2—port, v = f(i), then
the symmetry condition becomes

4.5) di(v) = ¢i(f(i)) = f(gi(i)).

For a linear 2—port, the function f takes a matrix form in terms of its open—
circuit parameters 711, 712, 721 and rog:

(4.6) [01]:{7’11 T12][i1]
: U2 To1 T22 ia
or, in short,
v = Ri.

Furthermore, the functions ¢, and ¢; are better treated in this context as permu-
tation matrices (to be called P and P respectively), i.e.,

ao=[ o 0] [2]-12]
aw-[1 0] 2] 2]

The symmetry condition (4.5) then becomes that, in addition to (4.6), the matrix
R should satisfy the condition

0 1 U1 o 11 T12 0 1 il
S FY I R R I Y
Premultiplying (4.7) by Pl_1 and noting that (4.6) and (4.7) are to hold for all

choices of i, we conclude that the matrix R commutes with the two permutation
matrices:

and,

(4.8) P,R=RP,i=0,1

Tor T2 | | T12 Tn
11 T2 T22 T21

or, in detail,
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i.e., 71, = rog and r1y = 79,.° This is what we usually understand by symmetry of a
linear 2—port.

Clearly, we can treat symmetries in this way for any number of ports, except that
there will be an increasing number of possible symmetries and corresponding auto-
morphisms that we will need to deal with. For a grounded linear 3—port (Figure 4.3)
for example, there are six possible symmetries in all.

If all the six symmetries are present in the 3—port then (4.8) holds for the six
3 x 3 permutation matrices, Pg - - - Py listed in Table 4.3, corresponding to the six
possible permutations of the three ports.

+?7?2
. 2
11 2

Figure 4.3 A resistive grounded 3—port network

Py P, P, P P, Ps
100 010 001 100 001 010
010 001 100 001 010 100
001 001 010 010 100 001

Table 4.3 The matrices of automorphisms characterizing all possible symmetries of
a grounded 3—port

Linked with six possible permutations of three objects as they are, these symme-
tries are essentially the same as those that we discussed for the equilateral triangle.
There is, however, a difference between the two cases. While for an equilateral tri-
angle all these symmetries are present by definition, for a 3—port there are various
partial options too. These options can be identified in terms of certain subsets of
the six matrices listed in Table 4.3. To start with, there is the subset containing
only Py, which implies no symmetries except the identity. On the other extreme,
we have the entire set {P,, ..., Ps} for the case of the 3—port having all possible
symmetries. Then there is the subset {P,, P53}, which corresponds to interchang-
ing ports 2 and 3, and likewise subset {P, P4}, and {P¢, P5}. There is also the
subset {Pg, Py, Py}, which corresponds to cyclic interchanges of the ports. Why

°Incidentally, the second condition, 15 = 791, is that of reciprocity, which means that symmetry
in the linear 2—port implies reciprocity.



4.2 Symmetries and Automorphisms 89

only these subsets and not any other, like the subset {P3, P4} for instance? Before
we turn to this question, which has to do with the structure of symmetry operations
under composition (successive application), let us consider as one more example of
symmetry, the notion of time—invariance of systems.

input signal—| system ——output signal

Figure 4.4 A time—invariant system H

Let X denote the set of all continuous—time signals (real-valued functions on
—o00 <t < o0),and let D, : X — X denote the operator that produces a delay of
time 7, i.e., forx € X,

D,x(t) = z(t — 7).

Further, let H be a time—invariant system that acts on an input z to produce
output Hx (Figure 4.4). Then, as we have discussed earlier, time—invariance of H
means that

D,H(z) = HD,(z) forevery z€ X andevery 7,

i.e., to put it in words,  and D, commute.

Now, instead of looking at the system as a map on X, we may regard it as a
binary relation H on X, consisting of the set of admissible input—output ordered
pairs:

H={(z,Hz)|z € X},

so that saying z’Hy is saying that y is the output for input x. Time—invariance of H
then means that

if zHy then (D;x)H(D,y) foreveryr.

In other words, since the operators D, are one-to-one and onto maps on X, they
are automorphisms of the relational structure H = (X, H).
In summary, the following three statements are equivalent.

(i) H is time—invariant.
(i) H commutes with every D,,i.e., HD, = D, H.
(iii) Every D is an automorphism of the relational structure H.

What we have seen for continuous—time systems is equally meaningful for
other classes of systems, and we can say in general that time—invariance or shift—
invariance is in essence a symmetry property of systems that can be studied in terms
of automorphisms of relational structures.
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4.3 Groups of Automorphisms

The way is now open for us to algebraically examine questions about symmetries
and symmetry operations.

Clearly, when we apply one symmetry operation and then follow it up by an-
other, the two together constitute, in terms of their net effect, another symmetry op-
eration. This corresponds to the algebraic fact that two automorphisms of a structure
produce under composition another automorphism of that structure.

Let us now examine the situation in detail for a relational structure S = (5, R),
where R is a binary relation on the ground set S. Let A be the set of all one-to-one
onto maps on S. Clearly, A is a group under composition. Consider now the subset
G of A, consisting of all automorphisms of S.

To start with, if f and ¢ are two of its automorphisms then xRy implies that
g(x)Rg(y), and this in turn implies that f(g(z))Rf(g9(y)), i.e., fg is structure-
preserving. It also at the same time follows that (fg)~! too is structure-preserving.
Moreover, since f and g are one-to-one onto on S, h = fg is also one-to-one onto.
Thus A is an automorphism of S. In other words, G, the set of all automorphisms of
the structure S, is closed under composition.

Further, the identity map e : S — S (e(x) = x for any = € S) is evidently an
automorphism of S, and for any other automorphism f, fe = ef = f. Thus, G
contains an identity element for the operation of composition.

What more can we say about G? Well, there is the point about inverses that was
mentioned on page 85: for certain kinds of relational structures, if f is structure-
preserving then so is f~1. If the ground set is finite then the structure S is of this
kind. An interesting way to see this is as follows.

Let f be a one-to-one (and consequently, since S is finite, also onto) map on S
that preserves the relation R i.e., (z,y) € R = (f(x), f(y)) € R. That is, the set
R = {(f(z), f(y))|forevery(z,y) € R} is contained in the set R. Let f’ be the
map from R to R with values f'((x,y)) = (f(z), f(y)). Now, since R is finite and
/' is one-to-one, it is also onto. Then R/, the image of f’, is the whole of R. It then
follows that

(f(x), f(y) e R = (z,y) € R,

or equivalently,
(u,v) € R = (f(u), f(v) € R.

Thus, if f is structure-preserving for a relational structure S = (S, R), where the
ground set S is finite, then f~! is also structure-preserving for S.

Now suppose that the ground set is not finite but the structure-preserving maps
of the structure S are finite in number. In this case too, if f is structure-preserving
then so is f~!. To show this, we use a more crisp argument this time, one that holds
for the previous case as well. We have already seen that G, the set of all structure-
preserving maps of S is closed under composition. Further, it is a subset of the group



4.3 Groups of Automorphisms 91

A of all one-to-one onto maps on the ground set of S. Being finite by hypothesis,
G is then a subgroup of A.'° Thus if f is in G then sois f~!.

Such is not the case in general if the ground set is not finite. This is best
explained with the help of a simple counter-example. Consider the structure
S=(Z,R), where R = Z* x Z*, Z is the set of all integers, and Z* is the set
of nonnegative integers. Let f : Z — Z be the one-to-one onto function with values
f(n) =n+1forn € Z. Then, since (m,n) € R implies that (f(m), f(n)) € R,
/f is an automorphism of S. But for (0,0) € R, (f~*(0), f~*(0)) = (=1, —1) is not
in R. Thus £~ is not an automorphism of S in this case.

The situation is, however, not so disheartening on the whole. If the given relation
is in fact a function or a binary operation, then there is no such problem.

In the case of a structure S = (S, g), where ¢ is a function (a unary operation)
on S, the structure-preserving condition for a one-to-one and onto function f on .S
is that for any = € S, f(g9(x)) = g(f(x)), i.e., f and g commute. Then, for any
resS,

g9(x) = g(f (@) = (9/)f ' (2) = (f9)f ' (x)
or,

fhg(x) = gf ().

Thus f~! is also structure-preserving.
Let us check this for a structure S = (.5, 0), where o is a binary operation
on S. Fora,b € S, if f is structure-preserving one-to-one onto function on 5, i.e.,

f(xoy)= f(z)o f(y) forany z,y € S, then

(ff~la)o (ff7'0)
F(f (a) o f7HD)),

aob

ie.,
[Haod) = [ (a)o [T(b).
That is, f~! is also structure-preserving for S.

A doubt that may arise at this point is the following. An algebraic structure is
also a relational structure in the sense that an n-ary operation is an (n + 1)-ary
relation. What is special about it that forces f~! also to be structure-preserving
along with f? Well, it is the condition that is imposed on a relation to become an

10We use here the standard result that if A is a group and G a finite nonempty subset of it that is
closed under the group operation then G is a subgroup of A. This follows easily from considering
any element ¢ € G and its powers, and showing that G contains a~* as well as e, the identity
element of A. Consider the powers of a as a sequence of successively generated elements a” =
a™ 'aform = 2,3,.... Since G is closed, all these elements are in G. But, since G is finite, the
elements must begin to repeat after a finite number of steps (at most equal to n, the cardinality of
G). Let us say o’ = a* for j > k > 0. Then by the cancellation law of A, a’~* = e. Thus the
identity e, being a positive power of a, is in G. Moreover, @k =qal k1 =¢ andj—k—12>0,
ie,a’ F1l=g1ecG.
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operation. In the arguments given above, it is hidden in the definition of a function
or a binary operation. Let us bring it out in the open by re-examining the situation
in purely relational terms.

Consider again the same structure, with its binary operation treated as a ternary
relation R (C S x S x ), and a one-to-one onto map f : S — 5, satisfying the
conditions,

1. Forz,y € S, thereis a z € S such that (x,y, 2) € R,
2. If (x,y,2) € Rand (z,y,w) € R then z = w,

3. The function f : S — S is one-to-one onto, and,
4. If (z,y,2) € Rthen (f(z), f(y), f(2)) € R.

Conditions 1 and 2 are the additional conditions on R to make it a binary opera-
tion, and conditions 3 and 4 constitute the structure-preserving conditions for f. Let
us now proceed in steps, explicitly indicating the particular given condition used in
each step.

1. Suppose that (z,y,z) € R. Then, since x € S, there is a u € S such that
f~Yx) = u, as f is one-to-one and onto. condition 3

2. Next, for any v € S, there is aw € S such that (u,v,w) € R.  condition 1

3. It then follows that (f(u), f(v), f(w)) € R, so that by substituting f~'(z)
for u, (z, f(v), f(w)) € R. condition 4

4. Now, if f(v) = y then, since (z,y, z) € R by hypothesis, f(w) = z. condi-
tion 2

5. Then, substituting for u, v and w as in steps 1 and 4, and in view of step 2,

(f (@), £~ (W), f7H(2)) € R

Thus, if (z,y,2z) € R then (f~'(z), [ (y), f7'(2)) € R, ie., [~ is also
structure-preserving. Observe that all the given conditions, and none other, have
been used in the arguments.

Remark 5 The foregoing discussions should bring home the point that, compared
to algebraic structures, relational structures are more intricate to handle when it
comes to their automorphisms. In conceptualizing symmetry in a relational setting
as I have, it is important to be aware of this. For a more formal treatment of the
issues involved, see Dixon and Mortimer [2, Section 9.5, pp. 290-291], and Schmidt
and Strohlein [15, Chapter 7, pp. 142—144].

[ )
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With these clarifications, the basic facts that we need here about automorphisms
are in place. Coming back to symmetries, we shall assume from now onwards that
in the situations in which we are interested, there are only a finite number of sym-
metries. In that case, as we have already seen, the set of all automorphism of the
corresponding structure always satisfies these conditions under composition: (a)
closure and associativity, (b) existence of identity, and (c) existence of inverses.
We thus find that in the context of symmetries of interest to us here, the set of all
automorphisms of a relational structure constitute a group under composition.

The question (p. 89) about matrices P, that together qualify as sets of symme-
try operations for a 3-port network may now be answered. What is being asked is
essentially this. For a structure S = (S, R), the set G of all one-to-one onto maps
on S is a group under composition. How is the set H of all automorphisms of S
related to G? Well, H is a group in its own right, and is at the same time a subset
of G. That is, the set H of all automorphisms of S is a subgroup of the group G
of all one-to-one onto maps on the ground set S. Thus, besides G itself, the only
other subsets admissible on this count are its subgroups {Py}, {Po, P3}, {Po, P4},
{Po, P5}, and {Po, Pla PQ}

4.4 Symmetries of Linear Transformations

From symmetries in general, let us now turn to the situation in which the ground
set has the structure of a vector space and the symmetries of interest to us are those
of linear transformations on this space. A very wide variety of physical problems in
which symmetries are exploited to simplify their study, the situation is essentially
of this kind. The case of time— or shift-invariant linear systems and multi—port
networks that we have discussed earlier serve as typical examples.

4.4.1 Symmetries and Symmetry Operations

So let us now consider the case in which the ground set is in fact a finite dimensional
vector space V over a field F (either R or C). From what we have seen earlier about
symmetries of structures in general, symmetry operations are those one-to-one onto
maps on the ground set that preserve the defining relations of the structure.!! Recall
that a map S on a set X is said to preserve a (binary) relation H on X if, for
x,y € X, xHyimplies S(x)HS(y). If H is in fact a function or a map on X then by
S preserving H we equivalently mean that ' and S commute under composition,
ie, HS = SH.

For the symmetries of a linear transformation H on V, we thus have to look
for one-to-one onto maps on V' that commute with H. These maps characterize the

1A function or a transformation is also a binary relation. So functions and transformations are
equally well covered by this interpretation of symmetry.
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symmetry operations. For our present purposes, we will confine ourselves to only
those of such maps that meet the additional requirement of linearity.'

So, in view of our discussions so far, to say that a linear transformation H on a
vector space V has symmetries is to say that there is a group P of invertible linear
transformations on 'V such that H commutes with every member of P:'>

4.9) SH = HS forevery S € P.

Mathematically, P can be any arbitrary group of linear transformations on the
given vector space, and it can be said to define symmetries of the transformation H
in a general sense.'* From the point of view applications, however, it is generally the
other way around. We start with an intuitive understanding of symmetries inherent
in a problem, and then formally characterize them by a group of transformations.
Such is the case for time—invariance of systems: we first identify operators that
produce for signals what we intuitively consider as translations in time, and then
view time—invariance of systems as symmetry in terms of these operators. Let us
look at this special case a little more closely.

4.4.2 Translation Operators

Typically, in the study of signals and systems, we start with an index set / (which
may for instance represent points in time or space), and we consider a signal f as
a function on this set, f : I — F, where F is a field (generally, either R or C).
V' is correspondingly a vector space of such functions over F. For members of P,
we have linear operators on V' defined through domain permutations of signals, or
rather through a group, G, of permutations acting on the index set /. Thus for a
function f, let f, a translate of f, be the function with values f (x) = f(7!(x))
for x € I, where  is a permutation in G.."*> Correspondingly we define an operator,
a translation operator,'® D, -V — V,D.f = "f for f € V, i.e.,

(Do f)(z) = "f(x) = f(r*(x)) for fe€V and x€l.

12Besides being mathematically more tractable, the linear ones cover most of our needs of repre-
senting symmetry operations in physical problems that are of interest to us here. There is yet another
angle from which the constraint of linearity is well justified. When the ground set is simply a set,
every member stands on its own—a’s membership implies nothing about y’s membership of the set.
On the other hand, if the ground set has additional structure, such as that of a vector space, member-
ship of z and y implies membership of many other ‘relatives’ of theirs by definition (ax and x + ¥,
for instance, for a vector space). For a map ¢ on the set, it is then pertinent to ask whether it is ‘nice’
enough to preserve this implied membership of the relatives. Specifically for a vector space, does it
take az into ad(x) and x + y into ¢(z) + ¢(y)? In other words, is it a linear map? So long as our
practical needs are met by them, it is reasonable to confine our attention to the linear ones.

3Note that P is a subgroup of the group of all invertible linear transformations on V' under
composition.

4This would be in line with the ideas of Klein’s Erlanger Programme.

By a permutation I mean a one-to-one onto function from a set to itself. For a permutation 7,
7~ ! denotes the inverse permutation.

16For a purely mathematical justification for introducing such operators here, and for their role,
see Edwards [3, vol. 1, pp. 16-17, pp. 57-59].
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Note that the operator so defined on V is linear. For, for two functions f and g,
we see that it is additive:

Dr(f+g)(x) = (f+g)(n 'z)
f(a™ta) + g(n'a)
= Drf(z) + Drg(x)
= (D‘frf + Dﬂg)(x)’

and it is also homogeneous, i.e., for any scalar « in the field of V,

Dr(af)(x) = (af)(v'z)
a(f(r™'z)
= aD,f(z).

Further, the set {D,|r € G} of translation operators is a group isomorphic to
G. To check this, let ¢ : G — P be the function with values ¢(7) = D,. Clearly,
¢ is one-to-one and onto. Moreover, D, D, f(t) = f(r~lo7t) = f((om)~!t) =
D, f(t) forany t € I and any f € V. Thatis, D,, = D,D,, or equivalently,
¢(om) = ¢(o)¢(m). P is thus a group isomorphic to G.

In the special case in which the group G is abelian, and its cardinality (i.e., the
number of elements of the group) is the same as that of the index set [, there is an
additional bonus. The action of G on I can equivalently be characterized in terms
of a binary operation that makes / itself an (abelian) group isomorphic to G.!’

Aside 1 A point about the notation for domain transformations and translation operators
deserves attention here. As a concrete case, consider first a space of functions f : R — R
(real valued functions of time say). A delay operator D on this space is defined as one that
produces from a function f a function D, f with values D f(t) = f(¢t — 7). Why this ‘-’
sign here? Why not work in terms of f(¢ + 7)? One usually offers a physical explanation
for this, saying that we are primarily interested in delays. This is fair enough, particularly
because along with the group operation of addition, the real line also has a linear ordering of
its points defined in terms of addition. But for other index sets, specially finite, such is not the
case. Yet, in treating time shifts more generally in terms of one-to-one onto maps, or permu-
tations, on the domain of the functions, we have analogously defined the translation operator
as (D f)(xz) = f(r~'z) for every x € I. We have here the inverse of the permutation o
coming into play. It is natural to ask why.

Well, this has to do with certain compulsions of notation that show up in the composition of
operators. Let us see. Instead of defining the operator D, the way we have, let us define it
instead as (D f)(x) = f(mwz). It is easily checked in that case that D, = D, D,. Observe
the reversal in the order in which the subscripts appear on the two sides, making it somewhat
awkward to keep a proper accounting of the orders. This does not happen with the notation
we have adopted.

I71f T is finite then it has the structure of what is known as a mixed radix number system, of which
modulo arithmetic is a special case. The theory of transforms such as the DFT and its other variants
and generalizations are very closely linked to this case. For details see Siddiqi and Sinha [16, 17].
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It must be added, however, that both notations are equally valid, and the results we obtain
are in essence indifferent to the choice. It may be helpful in this context to take note of the
following elementary result, which is left as an exercise.

Exercise 4.4.1 Let G and H be two finite groups of the same order, and let h : G — H be a
one-to-one map satisfying the condition

h(zy) = h(y)h(x)

for any x,y € G. Then the map g : G — H defined as g(x) = h(z~1) for x € G is also
one—one, and g(xy) = g(x)g(y), i.e., the groups G and H are isomorphic.

@

4.5 Symmetry Based Decompositions

Let us now go back to the study of transformations with symmetries characterized
by the constraint (4.9). Clearly, the class—Ilet us call it H—of all linear transforma-
tions on V' that satisfy this constraint with respect to a particular group P is closed
under addition, scaling, and composition, i.e., if H and F' satisfy this constraint,
then sodo H + F, aH for any a € [F, and H F'. The class H is thus, under addition
and scalar multiplication, a subspace of the vector space of all linear transforma-
tions on V.8

What special structural properties does H have on account of the fact that the
set P is a group? And in what way, if any, these properties help us in exploiting
symmetries in the study of signals and systems?

Considering that symmetries in general imply a reduction in complexity, it is
reasonable to expect that transformations that satisfy (4.9) are in a significant way
simpler in structure as compared to arbitrary linear transformations on V. As we
shall presently see, they indeed are.

Aside 2 Suppose you are to move from room A to room B and you want the arrangements
of the articles in room B after moving to be exactly the same as they were in room A—articles
on your main desk in A to move on to a corresponding desk in room B, those on your book
rack on to a corresponding book rack in B, and so on. You could do this by first moving all
the articles to room B at random, just finding a place for them without giving any thought
to where they are to go finally. Having moved them all, you could then rearrange them to
put them in the right places as they were in room A. But then the task would be much less
laborious if you organize your moving from the start, transferring articles from desk in A to
desk in B, from rack in A to rack in B, and so on. Although the final result is the same, this
way you are better off in practice in terms of the effort you put in for the job. @

Very broadly, this is a result of the fact that the group property of P ensures
for V' a special kind of direct sum decomposition into proper subspaces each of

18Under addition and composition, the set of all linear transformations forms a ring and with
scaling also included, it forms an algebra. The class H is a subring and a subalgebra in the respective
settings. Note that all this is true whether the set P is a group or not. The fact that P is a group makes
‘H a very special kind of algebra with structural properties that are of central significance to us here.
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which is invariant under every member of P.!” Such a decomposition has a special
significance in problems of signals representation, because the subspaces can be
associated with certain specific features of signals.

Associated with this decomposition, there is another one similarly disposed to-
wards every H € H. The task of determining the action of any such H on V isas a
result replaced by one of determining its actions separately on subspaces of smaller
dimensions. Moreover, in signal processing applications, this is central to the idea
of designing processors that act as filters. If the subspaces can be associated with
different features of signals, the processors can be designed to act on the subspaces
differently.

Interpreting the idea of decomposition in another way, constraint (4.9) ensures
that there is a basis for V' with respect to which matrices of all transformations
in H take a block—diagonal form, all of them having the same block structure. The
important point about these basis vectors is that there is a general procedure to com-
pute them, starting with the group of transformations P, the abstract group that it is
isomorphic to, and the so called irreducible representations of this abstract group.
We will learn more about this procedure when we come to representation theory of
groups. Let us at this point get a general idea of what this means in practice.

It is perhaps best to begin by first matrices, and relating it to linear
transformations.

4.5.1 Block-Diagonalizability and Invariant Subspaces

Recall that a (nonsingular) matrix A is said to diagonalize another matrix B if the
similarity transformation A~!BA produces a diagonal matrix; it is said to simul-
taneously diagonalize two or more matrices if it diagonalizes every one of them.
More generally, it is said to block—diagonalize the given set of matrices if the same
similarity transformation on all of them produces block—diagonal matrices with the
same block structure.?

For a single (square) matrix of size n, with n linearly independent eigenvectors,
there is the very familiar result that it is diagonalized by the matrix made up of the
eigenvectors as its columns. Moreover, if we have a set of two or more matrices
of size n, and if they share a common set of n linearly independent eigenvectors,
then they are simultaneously diagonalized by the matrix made up of these com-
mon eigenvectors. But in that case these matrices necessarily commute amongst
themselves.”!

For a set of matrices that do not commute, simultaneous diagonalization is
clearly ruled out (why?). There is, however, the option, under special circumstances,

9The term “invariant”, in the sense used here, is defined later in Section 5.5.

20 A matrix is block—diagonal if it consists of square submatrices on the principal diagonal, and
has zeros every where else. A diagonal matrix is also block—diagonal, with every diagonal block of
size one.

21For extensive discussions on commutative matrices and their properties, see Suprunenko [18].
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of simultaneously block—diagonalizing them. One such special circumstance is
when the matrices of the given set form a group under multiplication.

Now consider matrices not just by themselves, but as matrices of linear trans-
formations on a vector space with respect to a basis. Let us see what block—
diagonalization means in this context.

Let us say for the sake of illustration that a vector space V' of dimension n is a
direct sum of two of its proper subspaces V; and V,, V' =V} @& V5. Further, let T be
a linear transformation on V' such that V; and V5 are both invariant under 7, i.e., if
x € VithenTz € V.

Clearly, if the dimension of V; is m (so that the dimension of V5 is (n — m))
then V has an ordered basis (¢1, @2, . . ., Gmy i1, - - - » On), Where (1, da, . . ., Om)
is an ordered basis of V; and (¢, 11, . . ., ®,) that of V5.2 With respect to this basis
of V, the matrix of 7" has a block—diagonal form:

Tl 0
{ 0 T } ’
where T7 and T are blocks of size m and (n — m) respectively.

The idea straightforwardly extends to the case involving more than two proper
subspaces. Thus, suppose that V' = V; & Vo & - - - @ Vj, for some k, where each
Vi, i = 1,2,...,k, is invariant under the linear transformation 7T'. Then there is
a basis for V' with respect to which the matrix of 7" has a block diagonal form
consisting of k blocks. We say that the transformation 7T is block-diagonalizable.”
If the subspaces are invariant under every member of a given set of transformations,
then we say that the set is simultaneously block—diagonalizable. We are interested

here in the case in which the given transformations form a group. In (4.9), this is
the group P. Before we consider the class H, we look at this group itself.

4.5.2 Transformation Groups and Their Invariant Subspaces

Consider first the special case in which the group P is abelian. The invariant sub-
spaces in this case turn out to be of dimension one, each spanned by a single basis
vector. In other words, for the members of P, there is in this case a common set
of eigenvectors that together constitute a basis for V. With respect to this basis, the
matrix of any member of P takes a diagonal form.>* We have already encountered
this situation in Section 1.6, where we discussed shift-invariance for systems on

22 Although intuitively clear, you need to formally check that this is true. See Hoffman and Kunze
[8, Lemma, Section 6.6, p. 209].

23With respect to different bases, a transformation has different matrices. So one can not talk of
a transformation being in a block—diagonal form. Rather, one says that the transformation is block—
diagonalizable, i.e., there is a basis with respect to which its matrix is block—diagonal.

24In purely matrix terms, this means that we have here a procedure for simultaneously diagonal-
izing all members of a given abelian group of matrices.
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finite index sets.?® Let us go back to the results of Examples (1.6.1) and (1.6.2), and
see them from the viewpoint of vector spaces.

Example 4.5.1 We started in Example 1.6.1 with 4—tuples of reals. To have greater
flexibility in their representation, let us now treat them as 4—tuples of complex num-
bers. Consider the vector space C* of all such 4—tuples under addition and scaling
by complex numbers. For a 4-tuple © = (z9, 21, . .., x3), its coordinate (column)
matrix with respect to the standard basis is then [y z1 zo 3]’

Now, the four shift operators Dy . .. D3 of Example 1.6.1 are linear transforma-
tions on C*, and the four matrices Dy . .. D3 of Table 1.2, reproduced in Table 4.4,
are the matrices of these transformations with respect to the standard basis on C*.

1 000 0001

0100 1 000
D(): D=

0010 0100

(0001 (0010

0010 0100

0001 0010
D, = D,y =

1 000 0001

(0100 (1000

Table 4.4 Matrices of the shift operators on C* (of Example 4.5.1) with respect to
the standard basis

As pointed out in Example 1.6.2, these operators have a common set of four
linearly independent eigenvectors ¢, ¢1, ¢2, ¢3 whose coordinate vectors with
respect to the standard basis are as given in Table 4.5.

1 1 1 1

_ |1 I _ | 1 I
0= ¢1=| _] P2 = 1 $3=| _]
1 J -1 —J

Table 4.5 A special basis for C*

O

2Equation (1.14) there is a matrix version of (4.9), in which the matrices D; form a cyclic group
of order 4. We found in this case that there is a matrix W that simultaneously diagonalizes the
matrices D;.
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One way to look at the four eigenvectors in this example is to consider each
one of them individually as the basis of a one-dimensional subspace of C*. In other
words, if V; denotes the subspace spanned by ¢;, then C* = V, @V}, @ Vo, @ Vs,
and every V; is invariant under the operators Dy, k = 0, 1, 2, 3. Moreover, since the
subspaces are each of dimension 1, we find that this is a decomposition in which
each of the subspaces is clearly the smallest possible.

Generalizing the basic idea illustrated by this example, we are led to a general
strategy for decomposing a vector space. It may be summed up as follows. Given
a vector space V and a group P of linear transformations on V, identify a decom-
position V.=V, & Vo & - - - & V. such that the subspaces Vi, © = 1,--- |k, are as
small as possible, and are each invariant under every member of P.?°

If the group P is abelian then it turns out that the subspaces of the decomposi-
tion are all of dimension 1. On the other hand, if the group is nonabelian then the
subspaces of the decomposition could have higher dimensions. These dimensions
are, however, decided by the structure of P, independently of the dimension of the
vector space V/, and are comparatively much smaller than it. (Thus the dimension
of V may be 50 or 100 but irrespective of that, the subspaces will typically be of
dimensions 1 or 2.)

About procedures for such a decomposition, we shall learn in the next chap-
ter. As already pointed out, such decompositions are of central importance in the
representation of signals.

4.5.3 Transformations with Symmetries

Accompanying the decomposition produced by the group of transformations P, for
'H too, there is a decomposition V = W, W, B - - - @ W, for some k, such that each
W; is invariant under every member of H. In many situations, this decomposition
coincides with the decomposition in terms of the V;’s. But even if it does not, the
two are very closely linked.

In more concrete matrix terms, this decomposition means the following. Sup-
pose the matrices of the transformation H and of the members of the group P are
given to us with respect to some basis. Then using the structural properties of P
and the fact that H commutes with it, we can find a similarity transformation that
places the given matrices in block diagonal forms. Here is an illustrative example.

Example 4.5.2 Let us consider R* as the given vector space. Let the group P con-
sist of two transformations P; (the identity element) and P, whose matrices with
respect to the standard basis on R* are the following.

100 0 01 0 0
0100 10 0 0
P=1lgoq10o|®™R2=140 o
0001 00 -1 0

26] am essentially stating here a variation of what Gross [7] enunciates as the fundamental prob-
lem of harmonic analysis.



4.5 Symmetry Based Decompositions 101

Further, let H be a transformation whose matrix with respect to the standard basis
is of the form

a b 0 -1
b a1

H = 0 -1 ¢ d|°
1 0 d c

where a, b, ¢, d are arbitrary reals.

Using the procedure explained in the next chapter, we find the following
matrix a.

1 0 10
11 0 -10
“TAl0 1 01
0 -1 01

Similarity transformation by « puts both P, and H in the block diagonal form:>’

10 0 O
_1 101 0 0

a " Pa= 00 -1 0 and,
00 0 -1

a+b 1 0 0

o Ho — 1 ¢—d O 0

0 0 a—b -1
0 0 1 c+d

|
Notice that no matter what the constants a, b, ¢, d in this example are, the same

similarity transformation does the block diagonalization, producing the same block
structure. This illustrates what is true in general.

2TWe need not check for P; as it is the identity matrix for this case.
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Chapter 5

Representations of Finite Groups

5.1 The Notion of Representation

Given a structure .S, any other structure homomorphic to S provides, in principle,
a representation of .S. Thus when you draw a Venn diagram to depict sets and their
union and intersection, you resort to a representation. The given structure in this
case is a set of sets under union and intersection, and its Venn diagram a geometrical
representation of it. Likewise, when you draw a graph for a real-valued function of
a real variable, you provide a representation for a given set of ordered pairs of
reals, consisting of a collection of points on a plane referred to a particular pair of
coordinates.

Not every representation is, however, of the same practical interest. First, it
should relate the elements of the given structure to mathematical objects that are
very familiar to us, e.g., numbers, matrices, or even drawings or geometrical con-
structions on a plane. Secondly, it should be such that representations similar to
it can be provided for other structures that are of the same species as the given
structure. For finite groups, both these requirements are well met by matrices under
multiplication, producing what are called matrix representations. While the theory
of such representations can be dealt with purely in terms of matrix algebra, a ped-
agogically more powerful approach is to present it within the framework of linear
algebra. This is what I intend to do in this chapter. But before I take up that, let us
informally examine through illustrations, the idea of a matrix representation of a
group purely in terms of matrix algebra.

5.2 Matrix Representations of Groups

Consider an abstract group G of just two elements ¢ and b, with the multiplication
table:

V.P. Sinha, Symmetries and Groups in Signal Processing, Signals and Communication Technology, 105
DOI 10.1007/978-90-481-9434-6_5, © Springer Science+Business Media B.V. 2010
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S Q| *
S Qe
o o o

Consider in addition, the following two 2 x 2 matrices under matrix
multiplication.

10 01
- NN

They too constitute a group, let us say M, its multiplication table being,
A B
A|lA B
B|B A

Between G and M, if we now consider the map ¢, ¢(a) = A and ¢(b) = B,
then checking from the tables, for any = and y in G, ¢(x x y) = ¢(z)o(y). We
thus see that between the structures G and M, the map ¢ induces an isomorphism.
The matrix group M is then in this context an instance of a matrix representation
of the group G. (Instead of the matrices, one could think of the function ¢ as the
representation, as we shall do later when we come to vector spaces; the difference
is simply in the way you visualize a function.)

Now consider the group U consisting of just one matrix, the matrix A of (5.1),
and let ¢ be the map from G to U, ¥(a) = ¢(b) = A. In this case too, for any x
and y in G, ¥(x * y) = ¥ (x)¥(y), so that ¢ is a homomorphism. U is then again a
matrix representation of G.

Finally, the group Q consisting of the 2 x 2 matrices

10 1 0
(5.2) 02[01] D:{O _1}

is also a matrix representation of G. There are, apparently, endless possibilities. But
are these representations really different? In particular, are the representations M
and Q different? The answer is a qualified ‘no’. They are different, and yet they are
the same, somewhat in the sense that a picture is the same whether we look at it
from this side or the other. To be more specific, consider the matrix P,

1 1
(5.3) P = { 1 1 }
You may check that
(5.4) C=P'AP, and D=P!BP.

That is, to use the standard language of matrix algebra, there is a single sim-
ilarity transformation that converts all matrices of the representation M into those
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of Q. Itis easily checked that, given a matrix representation of a group, any similar-
ity transformation simultaneously applied to all its matrices produces yet another
matrix representation of the same group.

Then there is another point worth noting about the representations M and Q.
Hidden within these are two smaller representations of the same group G. Look at
the matrices of (5.2). We have

(5.5) D =[1] 4 [-1]

where ‘A + B’ denotes the operation of creating a new matrix by placing A and B
as the first and second diagonal blocks, and zeros every where else. Note that the
group consisting of the single 1 x 1 matrix [1] also constitutes a representation of G,
with both elements a and b mapping into [1]. Likewise, [1] and [—1] also constitute
a representation of G, with ¢ mapping into [1] and b mapping into [—1].

As to M, we have,

A = P([]+[pt
(5.6) B = P([1] +[-1))P".

Relationships (5.2)-(5.6) can be looked upon in two ways: one, that a given
matrix representation may be reduced through similarity transformations to a form
in which it is a direct sum of smaller representations, or two, that from a given set
of representations, other bigger ones may be constructed from their direct sums and
similarity transformations over them.

Thus we find that by a combination of similarity transformations and direct
summations of a given set of representations, we can produce any number of new
representations. It does not mean, however, that any two representations are related
to each other in this manner. How many really different representations are there for
a finite group? How are the others related to these? Are there matrix representations
for any finite group whatever? In order to answer such questions and many others of
this kind, it is better at this point to recast the representation problem in the language
of linear algebra, associating matrices with linear transformations on vector spaces.

Exercise 5.2.1 For the abstract group of two elements, examine whether there are
2 x 2 matrix representations that cannot be reduced by similarity transformation to
the representation given in (5.2).

Exercise 5.2.2 Show that isomorphisms between groups induce an equivalence re-
lation over the set of all groups.

Exercise 5.2.3 Given a group of matrices, show that if one of them is nonsingular,
all of them must be nonsingular. Create an example using 2 X 2 matrices to show
that singular matrices may also constitute a group.
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Exercise 5.2.4 Show that a set of permutation matrices of the same size that
commute pair wise can be simultaneously diagonalized, i.e, there is a single simi-
larity transformation that puts all of them in the diagonal form.

5.3 Automorphisms of a Vector Space

The structure that we now look at for the representation of groups is that of au-
tomorphisms of a vector space under composition. Given a vector space V' over
afield F, amap FF : V — V is an automorphism of V if it is an invertible
linear transformation from V' to V, i.e., if (i) F' is one-to-one and onto, and (ii)
Flax+py) = a F(z)+ p F(y), for any z,y € V and any «, § € F. You
may easily verify that the set of all automorphisms of V' constitutes a group un-
der composition. This group is commonly referred to as the general linear group,
GL(V).

For invertible linear transformations on a vector space, their matrices are also
invertible, irrespective of the basis. Taking this fact into account, we conclude that
for a vector space of dimension n, the group GL(1) may be looked upon concretely
in terms of the group of all n X n invertible matrices. It is this connection between
vector space automorphisms and matrices that we exploit in systematically study-
ing matrix representations of finite groups. Moreover, we concentrate on a special
n-dimensional vector space, ", the vector space of n-tuples of scalars from a field
[, with componentwise addition and scalar multiplication. This is because any
n-dimensional vector space V' over F is isomorphic to it, and by confining to it
we lose little but gain a good deal of clarity in computational work. For F", the
general linear group is commonly written as GL(n,F). Our interest here lies in
the fields R and C, and correspondingly in the general linear groups GL(n, R) and
GL(n,C).

5.4 Group Representations in GL(V)

Using the language of vector spaces, we now say that a representation of a fi-
nite group G in a vector space V' is a homomorphism p from G into GL(V),
and we call V' the representation space of p. If V is a finite dimensional vector
space, which is what we are exclusively concerned with here, we use the notation
p : G — GL(n,F), where F is the field of V' and n its dimension. Recall that
homomorphisms over groups preserve the group structure. Thus when we look for
a group representation, we are essentially looking for a subgroup of GL(n, F) onto
which the given group homomorphically maps. If the order of this subgroup is the
same as that of the original group G, we say the representation is a faithful one.
With respect to a certain basis in V, the matrices of the transformations p(s),
s € @, are the matrices of the representation p; for different bases, the matrices
of a representation are different. By looking at representations as groups of linear
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transformations on a vector space rather than purely as matrices, we make them
coordinate free as it were. This is very helpful in studying their general properties,
as we shall presently see. It is, however, inevitable that when we want to use them
in practice, we end up using them in one matrix form or another. We work with their
matrices with respect to a specific basis in a specific vector space. The following
two examples illustrate the idea.

Example 5.4.1 Consider the group G of two elements that we examined at the
beginning of Section 5.2. Let us look at its representations in R treated as a one-
dimensional vector space of real numbers under addition and scalar multiplication
by reals. Any real number serves as its single basis vector. As its standard basis
we choose §; = 1. GL(1,R) is simply the set of nonzero real numbers under
multiplication. As our first choice for a representation p' : G — GL(1,R), we can
take p'(a) = p'(b) = 1. As our second choice, let p?(a) = +1 and p*(b) = —1.
That there can be no other choice can be seen from the fact that there is no other
way in which the equalities 2 = y? = x, 2y = y can be satisfied for real x and y.
Note that the sets {1} and {1, —1} are subgroups of GL(1, R) under multiplication.
We thus get two representations p* and p? in this case:

T H a b
p(x) [ 1 !
piz) | 1

Example 5.4.2 Consider now the group H to be the cyclic group of order 3, with
the following multiplication table.

This time we choose for our representation space, the vector space of the set of
complex numbers under addition, and scalar multiplication by complex numbers.
We have to look for homomorphisms from H to GL(1, C) in this case. Three such
homomorphisms, p!, p? and p?, we easily identify to be the following.

z_|
()
()
()
Amongst representations, there is one type that is identified very easily: just put

p(s) = 1 for every s € H. More precisely, choose p : H — GL(1,R), such that
with respect to the standard basis on R, p(s) = 1 forall s € H. This is the so called

T
) , 37 = expy(2m/3)
3

S || S
[NV}

— = = e
=< 3 =0

p
p
p
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trivial representation, the kind of which is available for any (finite) group whatever.
The first ones in the two examples just given are trivial representations.

Then there is another representation for any finite group, the regular represen-
tation, which, as we shall see later, carries within it basic information about all
possible representations of the group. A mechanical way of constructing it directly
in a matrix form is the following.

1. Given a group G, start with its Cayley table.

2. Rearrange its columns, replacing the column corresponding to a group
element s by the column corresponding to the element s~ 1.

3. For any element s, put 1 in the rearranged table wherever s appears, and zero
every where else; treating the resulting table of Os and 1s as a matrix, we get
the matrix p(s).

4. For a group of order n, the n matrices each of size n X n that we get this
way constitute under multiplication the regular (matrix) representation of the

group.

We may alternatively look at the regular representation of a group G of order
n in terms of appropriately chosen linear transformations on a vector space V of
dimension n. Let {¢;|s € G} be a basis of V indexed by the elements of G (i.e.,
the elements of G are assigned an arbitrary order and the basis vectors are arranged
in that order, €, corresponding to s). Further, for every s € G let p(s) be a linear
transformation from V' to V' such that p(s)e, = ¢, for every u € G. It follows
that p(vs)e, = €psu = (V)€ = p(v)p(s)e, for every u, v, s € G. Thus for any
vector € V, p(vs)x = p(v)p(s)z, i.e., p(vs) = p(v)p(s) for all v, s € G. In
p :G — GL(V) therefore we have a representation of G. This is in fact the same
regular representation that we earlier outlined, as you will see if you examine its
matrices over the basis {¢;}. Observe that a regular representation is a faithful rep-
resentation, whereas a trivial one is evidently not.

Example 5.4.3 For the groups G and H of the two previous examples, let us now
consider their regular representations on R”, where n is the order of the group.
Taking up G first, since the element b is its own inverse, no column interchange in
the Cayley table is needed. The matrices p(a) and p(b), with respect to the standard
basis on R?, which constitute its regular representation, are then the following.

(2) {1., if the Cayley table entry in row ¢ and column j is x;
Pij\T) =

0, otherwise.

These matrices are
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Now for the regular representation of the group H, we take R? as the representation
space and reindex its standard bases dy, do, 03 as d,, dp, 0. respectively. Since ele-
ments b and c are each other’s inverses we interchange their corresponding rows in
the Cayley table and get

|

a
a
b
c

o O Q
S O

To get p(s) from this table, we put 1 wherever there is s, and 0 elsewhere. We thus
get the matrices of the representation p :H — GL(3, R), with respect to the standard
basis on R3:

100 0 01 010
play=10 1 0 pb)y=11 0 0 plc)=10 0 1
0 01 010 100

To get these matrices in a more formal way, we start with the condition p(s)d, =
dsu- Then for any vector x = [z, =, x|, p(8)T = T40sq + Tpdsp + Tcse. For
instance, p(b)x = x40py + Tp0pp + TeOpe = Tadp + Tpde + T4, SO that the matrix of
p(b) = [0y O. 4] This checks with what we obtained earlier.

What other representations are possible besides the trivial and regular represen-
tations? As we observed in Section 5.2, once we have identified one matrix repre-
sentation, we can produce from it through similarity transformations an apparently
limitless number of other representations. A salient point about infinite, or even
very large sets, that one needs to remember in this context is that to enumerate their
members is at best to classify them according to some crucial invariant features such
that they are separated into a ‘coarser’ and more manageable number of classes. On
this count, representations related through similarity transformations are not to be
treated as different from one another. Let us make this idea more precise.

Consider two representations p' : G — GL(V}) and p? : G — GL(1%) of a
group G. We say that p! is equivalent to p?, or simply that the two representations
are equivalent, if there exists an invertible linear transformation, h : Vi — V,
(i.e., h is one-to-one onto, so that V; and V; are isomorphic, and are of the same
dimension) such that

(5.7 p'(s) = h'p*(s)h forall s € G.

If there is no such map then we say that the representations are inequivalent. We call
them so because relationships of the form (5.7) induce an equivalence relation over
the set of all representations, and a corresponding partitioning of it into equivalence
classes.
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If we give (5.7) a matrix interpretation then it means that matrices of the two
representations with respect to specific bases are related through a similarity trans-
formation under the matrix of h for the same bases. The two representations (5.1)
and (5.2) were of this kind.

Related to the idea of equivalent representations, an important matter of detail
about their matrices is the following: for any representation of a finite group, one
can always choose a basis for the representation space such that the matrices of
the representation with respect to it are all unitary (i.e., the conjugate transpose
equals the inverse). More concretely, given a matrix representation of a group, we
can always turn it through a similarity transformation into another representation
in which all the matrices are unitary. It is enough for us here to know that this is
possible. See Jansen and Boon [4, p. 83], Tinkham [9, p. 20] for a detailed proof.

For most purposes, equivalent representations are indistinguishable from one
another and they may be treated as one and the same, to within isomorphic changes
over representation spaces. Seen from this angle, the problem of enumerating all
possible representations of a group is essentially one of identifying its inequivalent
representations.

Even inequivalent representations are, however, far too numerous to merit sepa-
rate attention as they are. The saving grace is that, carrying overlapping information
as they do, they can be further slashed down in number to only a few ‘atomic’ ones,
that need be considered as really different from one another, and from which all the
others are built by simple linear algebraic operations, or rather, to which all others
can be reduced.

5.5 Reducible and Irreducible Representations

In Section 5.2 we saw that a matrix representation may be such that it can be put
in a block diagonal form in which it is the direct sum of several smaller represen-
tations. To see what this means in the language of linear algebra, let us begin by
examining whether it is possible to ‘shrink’ a given representation p : G — GL(V),
and obtain from it a smaller one. One such important possibility arises if V' has a
proper subspace, say U, such that p(s) maps U into U, for every s € G.

For a subspace U of a vector space V, if there is a linear transformation, f, on
V such that f maps U into U, then we say that U is invariant under f; if there is a
set of such transformations under each of which U is invariant then we say that U
is invariant under this set. In the same spirit, if for a representation p : G — GL(V),
a subspace U is invariant under p(s) for every s € G, then we say, in short, that U
is invariant under G.!

'Some authors use the term “stable” instead of “invariant”, as for instance Serre [8].
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For a subspace U invariant under G, let pY(s) denote the restriction of p(s) to
U, i.e., the transformation from U to U with values

pV(s)r = p(s)x for x € U
Then for x € U and s,v € G,
P (sv)s = plsv)s = pls)p(v)s

= p(s)p" (v)a = p"(s)p" (v)a,

since U is invariant under G. That is, pV is a homomorphism from G to GL(U).
Thus, to sum up: Given a representation p : G — GL(V), if U is a subspace of V
invariant under G, then pV : G — GL(U), where p(s) is the restriction of p(s) to
U, is also a representation of G.

Of the representation space V, if U is a proper subspace invariant under G then
on U we get a representation of a smaller size than that on V. In view of this, we say
that the original representation on V' is reducible. It may well be that U is likewise
reducible. If it is, then we are led to yet another representation space that is of a
still smaller dimension. The process may admit of being continued and we may
ultimately reach a one-dimensional representation space, a stage beyond which no
further reduction is possible (leaving out the null space). On the other hand, the
process may terminate earlier, ending on a representation space whose dimension is
greater than one. The representation that is reached at this stage in either case is not
further reducible, or is what is called an irreducible representation, one for which
the representation space does not have a proper subspace invariant under the group
being represented.

Example 5.5.1 Let us consider as G the dyadic group of order 4, whose elements
g1, g2, g3 and g4 satisfy the following Cayley table.

* H g1 92 93 Ga
g1 91 92 93 9a
g2 92 91 94 G3
gs | 93 94 91 G2
94| 94 93 92 g1

Consider as the given representation, p :G — GL(R"), whose values are the follow-
ing matrices obtained by using the procedure of Example 5.4.3.

1 000 0100 0010 0001
0100 1000 0001 0010
0010 0001 1000 0100
0001 0010 0100 1000
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We treat these as matrices of p(g;) with respect to the usual standard basis in
R*. Let U be the subspace spanned by the basis vectors ¢, = [I 1 1 1]
and ¢y = [1 1 —1 — 1. We shall presently see that U is invariant under G,
i.e., forany « € U, p(g;)x € U. To begin with, p(g;)x € U. Further,

p(g2)r = p(ga)lar Y1 + oz

0100 1 0100 1
_ g ltoo00 1+a1000 1
1o o o1 1 210001 -1
0010 1 0010 -1

= o +axpy, €U

Likewise we find that

plgs)r = [ —agtpy] €U
and

plg)r = [y —agp] €U

Thus U is invariant under G. The representation p¥ of G is then, with respect to the
basis vectors 11, 15 on U, given by

p’(g1) = H (1)] = p"(g2)

" (g3) = [(1) H =" (g4).

Observe that these two matrices are in diagonal form. This suggests that we may
carry out further reduction if we choose within U the subspace W that is spanned by
the single basis vector )1, or alternatively the subspace W’ spanned by the vector
5. Proceeding as in moving from V' to U, we get on W and W’ the following
one-dimensional representations.

g1 g2 g3 oz
+1]  [+1]
—1] [~1].

(9:)

(gi) [+ [+1] |

=
¥
=

P
oW

We have thus arrived at two irreducible representations of the dyadic group of
order 4.

About reducing representations the way we have just seen, one significant fact is
that for a reduced representation that we get this way, we automatically get another
one, as though the original one were split into two. This is so because for a given
subspace U of V invariant under G, there is a complement of U that is also invariant
under G. Let us examine this fact in some detail.
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Going back to Example 5.5.1, let us consider in addition to ¢y and 15, two other
vectors 3 =[1 —1 0 0]'andvy =1[0 0 1 — 1]'. Being linearly independent,
1, U9, U3, 14 constitute a basis of V. Let Uy be the subspace spanned by 13, 1.
Then any vector x € V has a unique decomposition x = x1 + o, where x; € U
and xo € Uy. The subspace U is, in other words, a complement of U, and V is the
direct sum of U and Uy (V = U @ U, to use the common notation). Further, since,

plgi)hs = +s  plg1)hs = +iy

p(g2)s = +13 p(g2)tha = +u
p(g3)s = +1)3 p(g3)ths = 414
p(g4)s = 43 P(94)s = 4

for any « € Uy, p(gi)x € Uy. Thus Uy is invariant under G, and on U; we get a re-
duced representation pU° with the following values with respect to the basis 13, 1.

Us( 1910 —1g2 0 0931 0g4—1
e [0 [0 2] [00) 14

Exercise 5.5.1 Carry out further reduction of p'°, obtaining two one-dimensional
representations of the group G of Example 5.5.1.

5.6 Reducibility of Representations

Let us now convince ourselves that the decomposition we obtained for the repre-
sentation of Example 5.5.1 is not just a coincidence but an instance of a general
possibility. Recall that a subspace U of a vector space V' will in general have many
complements, one corresponding to every way of completing the basis of U to a
basis of V. Thus if V' is the Euclidean plane, and U is a line through the origin (i.e.,
V is R? and U is a 1-dimensional subspace of R?), then any other line through the
origin is a complement of U. For a complement U’ of U, a vector x € V has a
unique decomposition, x = x; + x5, such that z; € U and z, € U’. We may look
upon this decomposition as affected through a projection.

Recall further that a linear transformation £ on V is a projection if E* = E.
Given a direct-sum decomposition V = U ¢ U’, we can associate with it a unique
transformation, F, defined by the condition Exz = x;, where x = x; + x4, with
2, € U and x5 € U'. First, it is linear, and secondly, E?z = Ex, = v, = E, and
Eu = 0 for any u € U'. Thus F is a projection, whose range space is U and null
space is U’; we say it is a projection of V on U along U’.

Conversely, given a projection F, its range and null spaces U and U’ provide a
unique direct sum decomposition V =U & U'.
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Exercise 5.6.1 Show that a linear transformation £ on V, with range space U and
null space U’, is a projection (on U along U’) if and only if for any z € U, Fz = x.

Now, if p is a representation of a group G on V, and U a subspace of V' invariant
under G, then our decomposition problem is to establish that U has a complement
that is also invariant under G. We establish this by constructing one, starting with
an arbitrary complement U’. Let E be the projection of V on U along U’. Then
construct the average Ly,

1
(5.8) By =15 > o(s)E p(s)™".
seG

Ejy has the important property that

(a) it is a projection of V' on U. To check that it is a projection is to check that
forany x € U, Eyx = z. Now for any x € U, since U is the range of the projection
E, and it is invariant under G, Ep(s) "'z = p(s)~'z. That is, p(s)Ep(s) 'z = =,
for any x € U and for every s € G. Then for any z € U, Eyx = z.

(b) its null space Uy is invariant under G. Note first that p(s)Egp(s)™t = Ej,
i.e., p(s)Ey = Eyp(s) for every s € G. Then for x € U, the null space of Ej,
Eop(s)x = p(s)Eox = 0. Thus, if z € Uy then so is p(s)z for every s € G i.e., Uy
is invariant under G.

It then follows that V' = U & Uj is the desired decomposition for which both U
and U are invariant under . We have thus established the following.’

Proposition 5.6.1 Given a representation p : G — GL(V'), and a subspace U of V
invariant under G, there is for U a complement U, that is also invariant under G.

It follows that if we choose for V' a basis consisting of a basis of U completed
by a basis of Uy, then with respect to these bases for V, U and Uy, the matrices of
the representation p take the block diagonal form

U
(5.9) p(s) = [ P 0(8) pU‘?(s) } ,s€G
where pY(s) and pY°(s) here denote the matrices of the restrictions of p(s) to U and
U, respectively. Keeping this in mind, p is called the direct sum of the representa-
tions pV and pUe.

Now, what we did to the representation p, we may in turn do to pU and pr’, and
unless they are irreducible, further split each into two. Repeating this exercise, we
reach a stage when no further splitting of this kind is possible. For the representation
space, V, we thus finally get a direct sum decomposition V =U; @ Us @ - - - B Uy,
in which each U, called an irreducible subspace, is invariant under G, serving as
the representation space of an irreducible representation. Organizing this line of
argument into a proof by induction, we are led to the following result.

°I have followed here the approach given in Serre [8, Section 1.3, pp. 5-7].
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Proposition 5.6.2 Every representation is a direct sum of irreducible
representations.

When decomposed into a direct sum of irreducible representations, the block
diagonalized matrices of a representation are said to be in the completely reduced
form.

Example 5.6.1 To highlight the finer points of this result, let us now consider as an
example the group G of order 6, with the following multiplication table.

* o 9 95 94 g5 s
g1 91 92 93 94 G5 UGs
92192 93 91 95 Ge Y4
g3 | 935 91 92 YGs Y94 G5
g4 | 94 96 95 g1 g3 G2
g5 | 95 94 Y9s G2 g1 g3
96 || 96 95 94 g3 G2 g1

Consider as the given a representation, p : G — GL(R?), whose values p(g;), with
respect to the standard basis on R3, are the following matrices P;,

(1.0 0] [0 1 0] [0 0 1]
P=|010| PB=|001| P=|100
00 1 10 0 (010
(1.0 0] [0 0 1] [0 1 0]
PB=|001| P=|010]| P=|100
01 0| 10 0 (00 1

Let U denote the subspace spanned by the vectors
Y1 =0 1/v2 —1/v2) and vy =[y/2/3 —1/V6 —1/V6].

You may check that U is invariant under G. We are to obtain a complement of U
that is invariant under G.

To start with, we take an arbitrary complement U’, spanned by the vector
¢3 = [1 2 3], which is independent of ¢ and 1. U’ is not invariant under G,
as can be verified by examining P,;¢3. With respect to the basis {11, ¥», ¢3}, the
projection E of R® on U along U’ has the matrix,

B 1
E=10
0

o = O
o O O
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and with respect to the standard basis, it is

5/6 —1/6 —1/6
E=|-1/3 2/3 —-1/3 |,
~1/2 -1/2  1/2

where E = PEP~!, and P is the matrix consisting of ¥y, 15, and ¢3 as columns
(in that order).
Then the mean E defined in (5.8) is in this case

2/3 —1/3 —1/3
E,=| —1/3 2/3 —1/3
~1/3 -1/3 2/3

By inspection, we find that its null space U, is the subspace spanned by the (nor-
malized) vector ¢35 = (1/4/3)[1 1 1J. For U, Uy is the desired complement that
is invariant under G. Completing the basis of U by the basis of Uy, we get for R®
the basis {1, 19,13 }. With respect to this basis the matrices of the representation
p become:

B 100 B —-1/2 —=/3/2 0 B —-1/2 /3/2 0
P=|010]| R=|+3/2 -1/2 0| P=| —/3/2 —-1/2 0
0 01 0 0 1 0 01
) -1007] /2 —=/3/2 0] 1/2 /3/2 0
Py = 01 0| P=|-vV32 -=1/2 0| F=1|+3/2 -1/2 0
001 0 01 0 01
where P; = W~ 'PW, and ¥ is the matrix with 11, 1), and 15 as its columns from
the left.

Note that these matrices are in a reduced block diagonalized form, their cor-
responding blocks being of the same size. Thus each set of blocks has the same
multiplication table as the original given matrices, and is a matrix representation
of the group G. As we shall see later, the upper blocks constitute an irreducible
representation of G, and therefore no further reduction is possible for them.

Exercise 5.6.2 In the example just given, choose some other basis vector ¢3 and
verify that it leads to the same reduction.

In purely matrix terms, Proposition 5.6.2 means that matrices representing a
group can be simultaneously reduced by a similarity transformation to a block di-
agonal form such that no further reduction of the blocks is possible in this man-
ner. These blocks are matrices of irreducible representations. It is these irreducible
representations that are the ‘atomic’ ones I mentioned earlier. What are they, and
how many of them (nonisomorphic ones) are there in all for a particular group?
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Questions like these, and many others about representations in general, are best
answered by first examining some basic facts about relationships between any two
irreducible representations of a group. The main tool for this is an important result
of linear algebra, known as Schur’s lemma, that deals with two (finite dimensional)
vector spaces and sets of operators on these spaces.

5.7 Schur’s Lemma and the Orthogonality Theorem

Consider two irreducible representations p! : G — GL(V}) and p* : G — GL(1%)
of a finite group G. If they are inequivalent, there is, by definition, no one-to-one
linear map, h, from V; onto V5, satisfying (5.7); in fact V; and V, may not even be
isomorphic i.e.there is no one-to-one onto map from V; to V5 to start with. There
may nevertheless be a one-to-one linear map, h, from V; into V; that satisfies an
altered form of identity (5.7):

(5.10) hp'(s)

p*(s)h foralls € G

which is admissible irrespective of whether the two representations are equivalent
or inequivalent. We may depict this identity by the following commutative diagram.

Vv Vs
p'(s) p*(s)
A% Vy

The map h may be looked upon as inducing a homomorphism from the structure
(V1, p'(s)) to (Va, p*(s)), preserving the unary operations p'(s) for all s € G.

Consider now any (nonzero) linear map g from V; to V5, and construct from it
the map

(5.11) “ = > (1) g ' (s):

(P00 ') = 7 D ()T () g ')
1 2 =11
= a2 ) e
= Yo,

i.e., go p'(s) = p?(s) go forall s € G.
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As we shall presently see, (5.10) places on h a strong constraint which, when
considered for gg, leads us to important results about how p! and p? are related. Let
us first see what the constraint is.

Proposition 5.7.1 (Schur’s lemma) Let V| and V; be finite-dimensional vector
spaces, and let {Ay, As,..., Ay} and {B1, Bs, ..., B,} be two sets of linear op-
erators on Vi and V5 respectively, such that V| has no proper subspaces invari-
ant under A; and likewise Vy has no proper subspaces invariant under B; for all
1=1,2,...,n If his alinear map from V to V; satisfying the condition hA; = B;h
forevery A; and B;, then either h = 0 or, h is invertible (i.e., one-to-one and onto).>

The proof is as follows. Given that h A; = B; h, h = 0 is of course one
possibility, but what if h £ 0?

Let W, be the set of all x € V] such that ha = 0. (Note that W, which is called
the kernel of h and commonly written ker(h), is a subspace of V;. Then,

}LA¢$:Bihx:0for i:172’...7n'

Thus if x is in W; then A;z is also in Wi i.e., W is a subspace of V] invariant
under all A;. But by hypothesis, V; has no proper subspaces invariant under A;. So,
either W7 = 0 or W, = Vj. The latter is ruled out since 2 # 0. It follows that
Wy = 0. Now the kernel of a linear map is O iff the map is one-to-one. So the map
h is one-to-one.

Next, let us look at Wy, the image of h, which is a subspace of V5. For any
y € W, since h is one-to-one, there is a unique = € V; for which hx = y. Then,

Bzy =B;hx =h A;x € W,

So W is invariant under all B;. But again, since there are no such proper subspaces
of V5, either W5 = 0 or Wy = V5. The former is not true because we have assumed
that h # 0. That means W5 = V4, i.e., the linear map h is onto. Thus, on the whole,
if h # 0 then it is invertible. This completes the proof of the proposition.

Corollary If in the above proposition, V) = V, and A; = B; then h is a multiple of
the identity operator I on Vy (or V3).

To see this, note that in this case (h — cI)A; = A; (h — ¢I) for any complex
number c. Then by Schur’s lemma, either (h — ¢I) = 0 or (h — ¢I) is invertible.
But A has at least one complex eigenvalue, say A, so that (h — AT) does not have an
inverse. Thus (h — AI) = 0, or equivalently, h = AI, confirming the corollary.

Coming back to condition (5.10), it immediately follows in the light of Schur’s
lemma that either p' and p? are equivalent representations and A is invertible, or if

3This version of the lemma is taken from Greub [1, p. 54]. It points to the fact that for the result
to hold the two sets of operators need not be groups.
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they are inequivalent then 2 = 0. Thus we find that for inequivalent representations
1 2
p-and p°,

(5.12) 90 =17 2 PN gp'(s) =0,

where ¢ is any linear map from V; to V5.
On the other hand, if p* and p? are the same representations, i.e., V; = V4 and
p*(s) = p?(s) then using the corollary, we find that

(5.13) w=1a Z p'(s) = A,

where ¢ is any linear map on Vi, I the identity operator on it, and A is a real or
complex number that depends on h.

Let us now examine the implications of conditions (5.12) and (5.13) for the
matrices of the representations p! and p?, for an arbitrary choice of bases on V; and
V5. Considering the matrix form of condition (5.12), and noting that (/)2(3))71 =
p*(s™1), we get for the elements of the matrix of gy the following relation:

(90); |G| Z [Z P in ql(s)] Ipq = 0.

seG

This is true for any arbitrary g, and therefore the coefficients of g,, are identically
zero. In other words,

(5.14) LS (s plls) =0,
‘G‘ seG

for every admissible 4, p, ¢ and [.
As for condition (5.13) in its matrix form, we first observe that*

1
A= gTr(gO) —Tr Z Opg Gpg

where n is the dimension of V;, and 4, is the Kronecker delta (= 1 if p = ¢ and
zero otherwise). This follows if we look at the trace of gy, and use the fact that
the trace is distributive over addition and invariant under similarity transformation.
Then for the elements of g, in condition (5.13), we get the identity,

(90); |G| Z [Z P! in( ql S 1 Ipa = Z 0it Opg Gpq-

pq L seG

4Tr(A) denotes the trace of the matrix A.
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Again, since g is arbitrary, equating coefficients of g,,, we finally obtain the
relation,

1
(5.15) @l > o5 plals) =

seG

1
—0i1 Opg-
n 1 Ypq
If we add the condition that the representation matrices are unitary, then identi-
ties (5.14) and (5.15) may be combined in the form of the following result.

Proposition 5.7.2 (Orthogonality Theorem) For any two irreducible representa-
tions p’ and p* of a finite group G of order m, the elements of their matrices in
unitary form satisfy the following orthogonality relations:

1 i (s)* oF = M 5.5
(5.16) ; pjm<s) p ql(s) mdﬂs(s Opgs

where n; and ny, are the dimensions of the representation spaces of p’ and p*
respectively.

Remark: In the identity (5.16), the constant /7; 7y is simply a “dressing” that
makes the formula look symmetrical; keeping the ¢'s in mind, it has a role only
when the two representations are the same, i.e., j = k and n; = ny.

One helpful way to look at this result is as follows. Consider one of the repre-
sentations and think of the elements in the same position in each of its m (unitary)
matrices as constituting an m-dimensional vector. Do the same for the other repre-
sentation. Then the n? + nZ vectors that we get this way are mutually orthogonal.

As we shall soon see, this orthogonality property leads us to several important
conclusions about irreducible representations. But before we turn to these, there is
yet another important notion concerning representations that we need to bring in
here—that of characters.

5.8 Characters and Their Properties

As noted earlier, the trace of a matrix is invariant under similarity transformations,
i.e., Tr(A) = Tr(B~'AB). For a linear transformation ¢ on a vector space V, this
allows us, although perhaps in a ‘backhanded manner’, to talk of its trace, Tr(t), as
the sum of the diagonal elements of its matrix with respect to some basis in V; it
is a function of ¢, independent of the basis we choose. Extending this idea to group
representations, we say that for a representation p of a group G, its character is a
complex valued function, x, over G, with values x(s) = Tr(p(s)),s € G. When
we have more than one representation to deal with at the same time, we index the
characters the same way as the representations. Thus for p! and p?, we write their
characters as x; and y» respectively. The characters of irreducible representations
we call irreducible characters.
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Example 5.8.1 Refer to the group G of order 6 and its representation p given in
example 6.1. Its character x has the following values.

gi g1 92 93 9gs Ggs Gs
X(gi) 30 0 1 1 1

Aside 3 The term ‘“character”, incidentally, has some interesting history. Intro-
duced by Gauss around 1801 in the course of his studies on quadratic forms, it
started its journey towards its modern meaning and definition through the works
of Dirichilet, Dedekind and Weber on abelian groups; the chi (x) notation is due
to Dirichilet. It was in the theory of group representations initiated in 1896 by
Frobenius that its scope was extended to nonabelian groups. For fuller details, see
Hawkins [3] and Williams [10]. Q

The remarkable thing about characters, specifically about those of irreducible
representations, is that we can very often compute them easily even without know-
ing concretely what the representations are; for more on this, see Hall [2, Chapters
3 and 5]. Furthermore, they provide us a great deal of advance information about
these representations. Consequently, they serve as very useful tools in constructing
irreducible matrix representations. Let us now look at some of the properties of
characters that are important from this angle.

To begin with, we have these three basic facts about the values of characters.

Proposition 5.8.1 For any representation of a group G. its character has the value
x(e) = n, where e is the identity element of the group G, and n is the dimension of
the representation space.

Proposition 5.8.2 For any r,s € G, x(r~'sr) = x(s). Equivalently, x(sr) =
X(rs). In words, character values for elements of the same class of the group are
the same.

A complex valued function f on a group G is called a class function if it sat-
isfies the condition f(rs) = f(sr) for any r, s €G. Class functions on a group con-
stitute a vector space over the complex number field. Characters are distinguished
members of this vector space. More about this later.

Proposition 5.8.3 Forany s € G, x(s™') = x(s)*.

To check the first and second propositions, just focus on some matrix form of a
representation and use the invariance properties of traces. As for the third, it follows
from the fact that for any representation p, its matrices have a unitary form in which
the elements satisfy the condition p;;(s™") = pji(s)*.

Amongst representations, the two key relationships are those of equivalence and
direct sum. These translate into simple relationships amongst their characters.
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Proposition 5.8.4 Two representations of a group are equivalent if and only their
characters are the same.

That is, the representations are uniquely determined, to within equivalences, by
the characters.

Proposition 5.8.5 If a representation p is the direct sum of representations p* and
p%, with characters x, x1 and o respectively, then x = Y1 + Xo.

Now, every representation is a direct sum of irreducible representations, with
some of them possibly repeated and others altogether absent. If x is its character,
and x1, Xo, ...are the characters of the irreducible representations, then Proposi-
tion 5.8.5 implies that

X =n1X1+nex2+ -+,

where n; is the number of times the th irreducible representation is repeated in the
direct sum, treating its absence as repeating zero times.

Characters exhibit important orthogonality properties with respect to the scalar
product, (¢, 1)), of complex valued functions ¢ and 1 over a group G, defined as

follows. )
(@) = i > olg)(g).

geG

Proposition 5.8.6 If x1 and x» are two irreducible characters of a group G, then
they satisfy the orthogonality relation,

1, if the representations are equivalent;
(X1, x2) = . . .
0, if they are inequivalent.

Proposition 5.8.7 If y is the character of a representation of a group G then (X, x)
is a positive integer; it equals 1 if and only if the representation is irreducible.

Proposition 5.8.8 The vector space H of class functions on a group G is of di-
mension equal to the number of classes of G. Furthermore, the characters of the
irreducible representations of G form an orthonormal basis of H.

Combining the two parts of this proposition, we come to this conclusion about
irreducible representations.

Proposition 5.8.9 The number of inequivalent irreducible representations of a
group is equal to the number of its classes.
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Proposition 5.8.8 tells us that a class function,), has a ‘Fourier’ expansion in
terms of the irreducible characters:

k
Y= aixi;  a=(¥,x:)
i=1

where the group has k irreducible representations and the y;’s are their characters.

In particular, the character of any representation has such an expansion. In view
of Proposition 5.8.5, the coefficient a; is simply the number of times the i-th irre-
ducible representation is repeated in its completely reduced form. Thus from the
character, we are able to know the structure of the completely reduced form of a
representation. In order to fully determine this form, we need to do some more
work that will be explained later in Section 5.10.

About the dimensions of irreducible representations, we can say the following.

Proposition 5.8.10 If a group G has k inequivalent irreducible representations of
dimensions lq, . . ., ly, then,
k
> 1P =1GI.
i=1

For an abelian group, each member forms a class by itself, making the number
of classes equal to its order. Thus Propositions 5.8.9 and 5.8.10 imply that, for an
abelian group, the number of its inequivalent irreducible representations equals its
order, and each of these representations is of dimension 1. Indeed, the characters
themselves are in this case synonymous with the irreducible matrix representations.

Whether an irreducible representation has a real matrix form or not is easily
determined using the following result.

Proposition 5.8.11 Jensen and Boon[4, p. 130] An irreducible representation of a
group G has a real matrix form if and only if its character x satisfies the condition,

> x(sh) =16l

geG
Lastly, take note of this important feature of regular representations.

Proposition 5.8.12 The regular representation of a group contains in its com-
pletely reduced form every irreducible representation of the group, each repeated a
number of times equal to its dimension.

All these results have their roots in the ideas leading to the orthogonality
theorem. Simple and powerful as they are, they tend to evoke a sense of wonder
and disbelief when you first encounter them. The groundwork done in the pre-
vious section should help soften the disbelief part. In any case, if doubts hold
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you back from going ahead, see Jensen and Boon [4, Chapter 2], Serre [8,
Chapter 2], Lomont [6, Chapter 2] for detailed proofs. For elaborate illustrations,
see Tinkham [9, Chapter 3].

A fine point about the order in which these results are presented needs to be
mentioned. One usually presents theorems and propositions in such an order that
their proofs draw upon the ones that have already appeared but not on those that
are to come later. Thus Proposition 5.8.12 should on this count appear before
Proposition 5.8.9, as you will see if you check the proofs. With the proofs left out,
they are for the present purposes better arranged as they are.

As I mentioned towards the end of Section 5.2, the purpose of moving over
from matrices to GL(V) was to avail of the advantage that linear algebra offers in
studying the properties of group representations. Now that we have a good idea of
the various important properties of representations, we revert to their matrix form
which is what we ultimately use in practical applications.

5.9 Constructing Irreducible Representations

Let us now put to use the understanding gained so far to see how irreducible matrix
representations (irreps, for short) can be determined. For all groups of practical im-
portance the irreps are already available in the literature. So from the point of view
of applications, we do not need to construct them afresh. It is, however, instructive
to see what steps are involved in their construction. This is what we do now. We fol-
low an informal approach, half guessing and half checking for the conditions that
the irreps and their characters uniquely satisfy.
The basic steps that we go through are the following.

1. Obtain the Cayley table; for the symmetries of a geometrical object, do this by
actually performing the symmetry operations on the object and noting down
how the labels defining the object (the labels of the vertices of an equilateral
triangle or a square, for example) permute.

2. Working with the Cayley table, determine the classes of the group. The num-
ber of classes is also the number of irreps of the group (See Proposition 5.8.9).

3. Determine the dimensions of the irreps using Proposition 5.8.10.

4. Determine the characters for the irreps. Use their orthogonality properties and
the fact that their values for elements of the same class are the same.

5. The irreps may either be real or complex. Check whether you are in luck, and
all the irreps are real (Proposition 5.8.11).

6. For the one-dimensional irreps, stop here; the character values, read off as
1 x 1 matrices are the desired one-dimensional irreps.
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7. For the remaining irreps, do some more intelligent guess work. Go back to
the Cayley table, and start with the entries for one of the irrep matrices whose
square is the identity. Without any loss of generality, impose the condition
that the irrep matrices are unitary (normal, if real). This should enable you
to make a first guess at the irrep matrix. Try guesses like this for the others,
exploiting every time the constraints that the Cayley table puts on their prod-
ucts. Remember that there is a great deal of redundancy in the constraints
that the Cayley table imposes, in the sense that you need not check for all
of them. As soon as the point is reached when you have used a certain set
of constraints to determine all the matrices of the irrep, the other constraints
will automatically be satisfied. All the same, once you have all the matrices,
do finally check whether they do.

To try out these steps, let us now consider as an example the group of symmetry
operations on a square.

Example 5.9.1 Consider the group of symmetry operations of the square abcd
shown in Figure 5.1. Let us construct the irreducible representations of this group.

N /

VA BN

m

Figure 5.1 Square abcd and its axes of symmetry

As labels for the symmetry operations, let us use Q. to denote the identity op-
eration, Q;, Q2, Qs for clockwise rotations in steps of 90°, and Q,, Q,, Q, and
Q. for the reflections along the z, y, 0 and m axes respectively. Let G, be the ab-
stract group isomorphic to the group of these symmetry operations, with elements

g1, 92, - - -, gs corresponding to Q., Qu, Qy, Q1, Q2, Qs, Qo, Qm, respectively.
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Cayley Table: First, generate the Cayley table for the symmetry operations. A
simple way to do this is to cut out a cardboard square, label it as shown in Figure 5.1,
and then to determine the table entries by physically checking how the symmetry
operations combine when applied one after another.

The table that is obtained by carrying out these operations on the card board
square is shown in Table 5.1. Note that the entry in the row ¢ and column j is the
operation Q;Q;, which is the result of first applying Q; and then Q) to the square.
For the abstract group G,, the table is obtained by simply replacing the Q;’s by the
respective g;’s.

H Qe Qz Qu Ql Q2 Q3 Qo Qm
Qe QE QT Qy Ql QZ Qd Qo Qm
Qx Qx Qe Q2 Qo Qy Qm Ql QS
Qy Qy Q2 Qe Qm Qz Qo Q3 Ql
Ql Ql Qm Qo QQ Q3 Qc Qx Qy
QZ QZ Qy Q”IZ Qd Qe Ql Qm Qo
QB Q3 Qo Qm Qe Ql Q2 Qy Q:E
Qo Qo QS Ql Qy Qm Qa: Qe QZ
Qm Qm Ql QS Qx Qo Qy Q2 Qe

Table 5.1 Cayley Table for the symmetry operations

The Number of Irreps: Determine now the classes of this group. Recall that the
class of an element y of a group G is the set { z | z = v~ 'yu,u € G }. There are
five classes in this case. Taking up the elements one by one, we find that the classes
are, { Qe 1, { Q2 }, { Qs Qy }, { Q1, Qs } and { Qo, Qy, }. The number of irreps for
the group G is therefore 5.

The Dimensions of Irreps: Having determined the Cayley table and the classes
with the help of the group of symmetry operations of the square, we now turn to the

abstract group G,. Call its irreps p!, p?, ..., p°, their dimensions [y, [y, . .., 5, and
their characters x1, X2, - - -, X5 respectively. Then, since the order of the group is 8,
we have,

W24+ 124+ 12+ 12+ 152 = 8.

This equality is satisfied uniquely by the [;’s, to within reordering of their in-
dices. We may treat the solutiontobe ly =l =13 =1, =1, and [5 = 2.
Characters: 'We know from Proposition 5.8.7 that the sum of the squares of the
moduli of character values of an irrep equals the order of the group. So the values
of the characters of each of the four one-dimensional irreps are either +1 or —1,
and likewise the character values for the one two-dimensional irrep are 2,—2 or 0.
Further, character values for members of the same class are the same. Trials with
these constraints in mind lead us to the unique solutions for the characters as shown
in Table 5.2.
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Xi H g1 92 93 914+ G5 Gs g1 s
x|+l +1 +1 +1 41 +1 +1 +1
x2/+1 +1 +1 -1 +1 -1 -1 -1
xs||+1 -1 -1 -1 +1 -1 +1 +1
x4+ -1 -1 +1 +1 41 -1 -1
X5 || +2 0 0 0 -2 0 0 0

Table 5.2 Characters of irreps of the group G,

The Irreps: The four one-dimensional irreps are given by the characters. For
the two-dimensional irrep, let us first apply the realness test (Proposition 5.8.11).
Looking up the Cayley table, we get the squares of the group elements and the
corresponding character values as shown in Table 5.3.

9i H g1 92 93 94 G5 g g7  Gs
9 91 9 91 95 91 95 G1 N
xs(g:2) || +2 42 +2 -2 42 -2 42 42

Table 5.3 Test for realness of the two-dimensional irrep.

The last row in this table adds to 8, the order of the group. The two-dimensional
representation is therefore real. Moreover, the general unitary requirement for irreps
makes the irrep matrices normal in this case, i.e., the transpose of p°(g;) equals its
inverse. One could get all these matrices by alternately guessing and checking with
the Cayley table, but we have an easier way out through the rotational and reflection
symmetry operations of the square treated as those of the plane. More specifically,
we have a representation of this group on R?, which has the following matrices with
respect to the usual standard basis on R2.

-1 0 01
RHIET

o]0 2
o 0 ]l 1 ]

All these matrices are normal. Furthermore, the representation that they consti-
tute satisfies the criterion for irreducibility given in Proposition 5.8.8. But we know
that there is just one two-dimensional irrep in this case. So these matrices are in-

deed the matrices of the two-dimensional representation p°. Table 5.4 shows all the
irreps together.




130 Representations of Finite Groups

| & 9 9 9a s s g7 gs
Pt [+l [+1] [+1] [+1] [+1] [+1] [+1] [+1]
Pl ] [+1] [+1] [-1] [+1] [-1] [-1] [-1]
5 I ERY [1] [-1] [-1] [+1] [-1] [+1] [+1]
J I ERY [+1] [-1] [-1 [+1] [+1 [-1 [-1]

Table 5.4 Trreps for the group of symmetry operations of a square

Exercise 5.9.1 For the symmetries of an equilateral triangle, and a regular hexagon,
carry out a similar exercise.

5.10 Complete Reduction of Representations

We now come back to representations in general and their direct sum decomposition
into irreducible representations. For our purposes, it is good enough to consider
representations on F", where F is either R or C.

Let us say that we have a representation p : G — GL(V) of a group G. We al-
ready know from the discussions following Proposition 5.8.9 what the structure of
its completely reduced form is—which irreducible representations appear (to within
isomorphisms) in it and how many times. Given the matrices of the representation
with respect to some basis in V, we are interested in determining a similarity trans-
formation that brings them into the completely reduced block diagonal form. We
are, in other words, interested in identifying for the representation space an appro-
priate basis that is made of bases of its irreducible subspaces, so that with respect
to it the matrices of the representation take the desired completely reduced form.

Let p', ..., p" be the irreducible representations of G, with dimensions n1, . . .,
np, and characters i, . . ., xj respectively. Consider now a complete reduction of
p in which the equivalent irreducible representations are collected together. Let us
say that the blocks equivalent to the irreducible representation p’ are a; in number,
with the corresponding irreducible subspaces labelled as VY, - - - | Val Further, let V;
denote the direct sum of those of these subspaces over which the subrepresentations
are equivalent to p', i = 1,..., h. We are interested in the decomposition

h

DI

i=1 j=1
h

> av;
i=1

where each Vj, as also Vj, is invariant under G.

v
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A basis that we seek for V' is then a basis obtained by putting together the
bases of the irreducible subspaces Vj’ In some situations we may even be content
with the coarser decomposition in terms of the V;’s, in which case we will get a
partial reduction of p, its ith block further reducible to a; blocks, each equivalent
to the irreducible representation p’. Moreover, if in the completely reduced form of
the given representation the irreducible representations appear not more than once,
the V;’s themselves are the irreducible subspaces. Keeping this in mind, and the
fact that the procedure for obtaining bases for V; is relatively simpler, we consider
this first.

So our first task is the following. Given a basis for 1/, and the matrices of p(s)
with respect to this basis, determine a basis for each V.

A very effective method of doing this is to exploit the connections between
projections and direct sum decompositions. Recall (Section 5.6) that for a vector
space V = V| & V5, the projection p; of V on V; along V5 has a “filter like” action
on any x € V. Thus if x = x; + o, with (unique) components x; and x5 in
V1 and V; respectively, then pyx = x;. Likewise, for the projection p, of V' on
V4 along Vi, pox = x2. Now suppose that we have a basis a1, as, .. ., a, for the
space V, and that we know the matrices of projections p; and p, with respect to
this basis. Then the vectors pyay, K = 1,2, ..., n have precisely as many linearly
independent ones amongst them that constitute a basis of V;. In particular, if the
original representation space is F", and if we know the matrix of the projection p;
with respect to the standard basis, then the set of all linearly independent columns
of this matrix form for V; a basis of the kind we seek. Likewise, we get a basis
for V5.

Observe that the points just made about a decomposition into two subspaces are
equally valid for a decomposition into any finite number of subspaces, and that the
procedure of using projections to determine their bases is valid in general.

Coming back to our reduction problem, the relevant projections are given by the
following formula.

n;

pi:|G

(5.17) > xils) pls)

seG

Using arguments based on the Schur’s lemma, or alternatively on the orthogo-
nality theorem, as we shall see more clearly a little later, it can be shown that p; is
indeed a projection of V' onto V;. The projections p; are easily constructed, and so
are the bases for V;. Here is an example.

Example 5.10.1 Consider for the dyadic group of four elements (Example 5.5.1),
the representation p :— GL(R?*) whose matrices with respect to the standard
basis are
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p(g1) p(g2)
1000 0100
0100 1000
0010 000 1
000 1 0010

o~ oo
—ocoocoX®

—~
@
w
~—

oo o~

O O = O
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e
o~ ooX
oo~ or
co o

There are four irreducible representations of this group, each of dimension one,
and their characters (or, to put it loosely, the representations themselves) are as

shown in Table 5.5.

il i 9 g5 o
Xi] tL L L +1
xe || +1 +1 -1 -1
s |l 1 -1 +1 —1
x4 || +1 -1 -1 +1

Table 5.5 Irreducible characters of the dyadic group of four elements

The given representation is in fact the regular representation of the group, in
whose completely reduced form each irreducible representation appears once and
only once, its dimension being one (Proposition 5.8.12). Thus the decomposition
characterized by the projections of the formula (5.17) is the final decomposition
we seek. With respect to the standard basis on R*, the matrices for the projections

pi,t =1,2,3,4 are:

p = [p(g1) + p(g2) + p(gs) + p(gs)]
11 11
11111
T 2l1111
1111
p2 = [p(g1) + p(g2) — p(gs) — p(ga)]
T 1 1 -1 —1]
! 1 1 -1 -1
“ 4l -1 -1 1 1
-1 -1 1 1
1 -1 1 =17
ol -1 1 -1 1
Ps = 71 1 1 1 41
-1 1 -1 1
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1 -1 -1 1

I S R T
Po= 701 1 1 -1
1 -1 -1 1

Scanning the columns of these matrices by turn, we find that the irreducible
spaces in this case are the four one-dimensional spaces Vi, V5, V3 and V, spanned
bythevectors[1 1 1 1,1 1 —1 —1],[1 =11 —1]and[1 —1 —1 1} re-
spectively. The (normalized) matrix of the similarity transformation that completely
reduces the matrices of the representation p is then

1 1 1 1
SUEE N SRS RS
2|11 -1 1 -1
1 -1 -1 1

The completely reduced representation matrices o 'p(g;)a are then the
following.

1 0 0 0 10 0 0 1 0 0 1 0 0 0
01 0 0 0 1 0 0 0 -1 0 0 0 -1 0
0 0 1 0 0 0 -1 0 0 0 1 0 0 0 -1 0
00 0 1 0 0 0 -1 0 0 0 -1 0 0 1

Observe, as a final check, that entries in the first, second, third and fourth
diagonal positions of these matrices together constitute the respective irreducible
representations.

Now suppose that for a particular representation, we seek a complete reduction,
and that in its completely reduced form the irreducible representations appear more
than once. In that case the subspaces V; must be further decomposed into VJZ Itis
easier for this purpose to skip the step of explicitly identifying the bases of V; and,
starting from the original space V itself, directly determine bases for Vj This is
what we discuss now.

Let us label the desired basis vectors of V} as ¢/, 1 < k < n;. We impose
on these vectors one condition: they are so chosen that in the completely reduced
matrices of the given representation, the a; blocks corresponding to the irreducible
representation p’ are all identical and unitary; the entries of this common matrix we
shall write as p;q; 1 < p,q < n;. Such a choice is indeed possible because these a;
blocks are matrices of subrepresentations equivalent to the irreducible representa-
tion p.

With this understanding, let us now see how to go about determining basis vec-
tors of the desired kind. First, examine the tabular arrangement shown in Figure 5.2
for them for one particular V;.

Observe that the vectors shown in this table, if grouped row wise as shown
by the solid rectangles, form bases of the irreducible subspaces W, 1 <5< a.
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i= Wy & Wyd---& W
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Figure 5.2 Two decompositions of V;

But if we group them column wise as shown by the dashed rectangles, they give
another decomposition of V; in terms of the subspaces W,j, 1 < k < n,;. The trick
for determining these vectors lies in exploiting the following linear transformations
that cross-connect these two decompositions,

(5.18) ,3 |G| Z jk p(s) for j and k from 1 to n;,

seG

where p' is the i-th irreducible representation in (unitary) matrix form.

As we shall presently see, we start with the given basis of V' and then, using
one of the transformations, pli1 , determine basis vectors of ;. Then on these we
apply the transformations p,(d) to obtain the basis vectors of W}, 2 < k < q;. Having
obtained all of these in this manner, we arrange them in lexical order, proceeding
from left to right in the first row of the tabular form, then from left to right of the
next row, and so on. So ordered, they form a basis for V; of the desired kind. (In
view of the way they are obtained, for each row, the vectors of the second column
onwards are commonly referred to as partners of the first one of that row.) Finally,
bases of V; to V}, together give us a basis of V' of the desired kind. Vectors forming
such a basis are, in the parlance of physics, commonly called symmetry-adapted
basis vectors. This nomenclature is meant to highlight the fact that in dealing with
physical problems, the relevant groups are groups of symmetries.

Now the details. We need first to understand what the transformations (5.18)
actually do. Let us take a ‘close-up’ view of a specific hypothetical example. Let us
say that for a group G of order 6 we have a representation p on R* and its matrices
with respect to the standard basis on R* are given to us. Suppose that in the com-
pletely reduced form of this representation, just one irreducible representation p' of
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dimension 2 appears twice. Then with respect to the desired basis, (€], €15, €3;, €35),
its matrices are

The transformations (5.18) are in this case p§11>7p(112) 5 pé? and pé?. Applying the

orthogonality theorem to the entries of their matrices, we find that they are the
following matrices of 1s and Os.

10 00 ] 01 00 ]
m |00 00| w |00 00
Pi=1 90 10 |27 00 01

00 00 | 00 00 |

00 00 ] 00 00 ]
w |10 00| |01 00
PPr=1 90 o0 |7 00 00

00 10 | 00 01 |

You may then check that the basis vectors e}, e1,, €3, and e, transform under

pﬁ’ as follows.

1 1
pgl)eh =eq pgl)eél = ey
1 1
Pgl)e%z =0 pgl)e%Q =0
That is, pi%) leaves ¢!, and el,, the basis vectors of W}, unchanged and an-
nihilates the others. It follows that it is a projection of V onto W. Likewise,
ng is a projection onto W, . So, using p§11>, we can determine a basis for W
(These facts implicitly clarify the behaviour of transformations (5.17). Observe that
p1= p(111> + pélz), an identity matrix of size four. Thus p, is a projection onto V;.)

What about p(;l) ? Well, the basis vectors transform under it as follows.

M 1 _ 1 (1)1_€1

P21 €11 = €12 Po1 €91 = €99
1,1 _ 1,1 _
Porea =0 py 6%2 =0

Clearly, péll) is not a projection. It is, however, a one-to-one onto map from W}

to W3, so that a basis of the former gets transformed by it into a basis of the latter.

Thus, on the whole, p§11> leads us to a basis of W}, and then pgll) leads us to a
basis of TV, . Having obtained these, it is only a matter of arranging them in the right
order, as outlined earlier, to get a basis of the desired kind for the representation
subspace V.
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Based on this ‘close-up’ view, it is reasonable to come to this conclusion about
the transformations (5.18) in general: pgil) is projection of V; onto W7, and p,(jl) is
an isomorphism from Wf to W,ﬁ, 2 < k < n,;. For a formal and detailed proof that
indeed it is so, and for many other properties of these transformations, see texts
such as Tinkham [9, Chapter 3, pp. 39-41], Serre [8, Section 2.7], McWeeny [7,
Chapter 5, pp. 126—133] and Miller [5, Chapter 3, pp. 92-96].

With these clarifications, we are now ready to deal with the general complete
reduction problem: Given the matrices of a representation p : G — GL(V) with
respect to some basis, determine a basis for 1, and correspondingly the transforma-
tion matrix «, that puts the matrices of p in the completely reduced form.

We consider V' to be R” or C", and the basis given on it to be the standard
basis. The following steps then lead us to a basis for it of the desired kind, the basis
vectors in this case being column vectors of size n x 1.

STEP 1 For the given group G, ascertain the irreducible representations pi, 1 <
i < h, where h is the number of its irreducible representations .

STEP 2 For each p!, compute the matrix pﬁ?. It has a; linearly independent
columns. Identify any one set of these and after normalizing them, label them

i % i
€115 €91, - - .,eail.

STEP 3 Compute the matrices pgf ) p:(fl), cee pEZ)l

STEP 4 Compute the partners of the vectors obtained in Step 2. For e}, 1 < [ <
a;, the partners are the vectors p,(fl) efl, 2 < k < n,; after they have been

normalized.

STEP 5 Collect the normalized vectors obtained in Steps 2 and 4 and arrange them
in the order: e}, followed by its partners, then ¢, followed by its partners, and
so forth. (To put it another way, arrange the vectors e;'- i in the lexical order of
the index set ijk.)

STEP 6 Having done this for every ¢ = 1,..., h, arrange as columns of a matrix,
the ordered vectors obtained in Step 5 for ¢ = 1 followed by those for i = 2,
and so forth. The resulting matrix, which will be of size n x n, is the desired
matrix a.

It should be noted at this point that the matrix « that we get this way, or rather the
basis of V' identified in this manner, is not unique. It depends on the choice we make
in Step 2 for the basis of the range of pg’f In contrast, the coarse decomposition
obtained through (22) does not entail such ambiguity.

Example 5.10.2 Consider this time the group of order 6 of Example 5.6.1. Its reg-
ular representation consists of the following matrices P to Pg, each of size 6.
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This group has one irreducible representation of dimension 2, and two irre-
ducible representations of dimension 1. We need them in their unitary (i.e., normal
in the real case) forms. These are
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In the completely reduced form of p, p! appears twice, and p? and p3 each
appear once. Thus there are no partners to be computed for p? and p°. The relevant
transformations (5 18) are then in this case p§1 , p21 , p(2)

Taking up p* first, we get

and p11

Wl D= D= O W O

1
p§1) =

D= D= W= D= D= W=
D= W= D= W= D= o=

|

D= W= D= W= 3= O =
|
|

Wik D= D= O Wi O~

D= D= W= D= D= W=

It has two linearly independent columns, for which let us pick the first and the
second. After normalizing them, we get

TSR B U S DS SRR SR S
en = | VB T 23 2V/3 V3 2V/3 2V3
SRR S U U SRS N DR U
€21 = 23 V3 23 23 23 V3
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For computing their partners, we first compute pgll):
1 *
i = Do) els)

seG

= ?[Pz—st—P5+P6]

0 -1 1 0 -1 1

1 0 -1 -1 1 0

V3l -1 1 0 1 0 -1

2! 0 -1 1 0 -1

1 1 0 1 0 —1
1 0 -1 -1 1 0

The vectors el, = pel, and e}, = p{!)el,, after normalization, are the partners
of e}, and e, respectively. These come out to be:

1 1 1 1 17
e, = [0 3 -5 0 =5 3]
1 1 1 101 !
€ = [ -3 035 =530 }
This completes the computations for p*. Following the same steps for p? and p?,

we use pﬁ) and pﬁ) to get

(1111117

2 _
€1 =

»—AS‘»—!
D

e, = —[111 -1 -1 17

S

There are no partner vectors to be computed for these. So, arranging the vectors
in the order e}, el,, €3, el,, €2, €3,, we finally get the matrix «:

L g -1 1 1 17
V3 2v3 2 V6 V6
~1 1 1 g i 1
w3 2 V3 V6 VG
e R e s e
2v/3 2 2v3 2 V6 V6
@ = 1 g 1 1 1 1
V3 2v3 2 V6 V6
R U S e R .
2v3 2 2v3 2 V6 V6
1L 1 5 L 1
w3 2 V3 V6 Ve

You may check that under similarity transformation by «, the matrices, P, 1 <
k < 6, of the given representation do indeed acquire the completely reduced block
diagonal form,

a 'Pra =
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Exercise 5.10.1 Use the procedure outlined in this section to obtain a completely
reduced form of the matrices P; to Ps of Example 5.6.1.

5.11 Further on Reduction

The reduction technique that we learnt in the last section has additional powers; it
also block diagonalizes matrices that commute with the matrices of a group repre-
sentation. Let us now examine this result.

First, a simple fact about commuting transformations on a vector space. On
a vector space V, let p and h be two linear transformations that commute, i.e.,
ph = hp. It is easily seen that the range and null spaces of p are invariant under 5,
and those of h are invariant under p.

For any v in the range R, of p, there is x € V/, such that pr = . So hu =
hpx = p(hx) € R,. Thatis, R, is invariant under h. As to the null space N, of p,
for any x € N, p(hz) = hpx = 0, and therefore hx € N,,. Thus the range and null
space of p are both invariant under h. From symmetry, the range and null space of
h are likewise invariant under p.

Consider now a representation p : G — GL(V), and a linear transformation
h on V that commutes with p(s) for every s € G. Suppose that we have already
determined a set of symmetry-adapted basis vectors for 1/, which completely reduce
the matrices of p. We shall presently see that the same vectors, suitably reordered,
also block diagonalize the matrix of A.

Going back to (5.18), recall that W,@ is the range space of p};k, 1 < k < n,;. Since
the given transformation h commutes with every p(s),

Mol = g 2 pk(s) (he(s))
seG
1 i *
= Ezpkk(s) p(s)| h
| |s€G
= pl(cilzh'/

and therefore, W,; is invariant under h for every k,1 < k < n;. It then follows that
the basis vectors eé «» read off column wise in the tabular form given in Figure 5.2,
i.e., in the lexical order of the index set ikj, form an ordered basis that block di-
agonalizes the matrix of h. More specifically, if our representation space is R (C),
then the matrix of / with respect to the standard basis gets block diagonlized under
similarity transformation by the matrix 3 whose columns are the symmetry-adapted
vectors taken in this order. For the example considered in the previous section, the
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: 1 1 1 1 2 3 : :
vectors are then taken in the order ey, €3, €15, €55, €71, €71, SO that the matrix 3 is
in this case,

r 1 1 0o -1 L 17
V3 2V/3 2 V6 NG
_ 1 1 1 0 L 1
2V3 V3 2 NG NG
1 1 _1 11 s
3 = 2v/3 2v/3 2 2 V6 NG
B _ 1 _1 0 =1 1 _L
V3 2V/3 2 V6 NG
1 1 1 11 1
2V/3 2V/3 2 2 Ve NG
I S 1 0 L _L
L 23 V3 2 NG NG
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Chapter 6

Signal Processing
and Representation Theory

The focus in the previous chapter was on the representation of finite groups by
matrices and linear transformations (over the field of real or complex numbers).
The related theory is very rich in content, and stands on its own as an area of study
in mathematics. One could very justifiably ask at this point: What connections could
group representation theory have with signal processing? The answer lies in relating
the theory to what has been said in Chapters 1 and 4 about signals and systems.

Recall that, for an abelian group, all its irreducible representations on the com-
plex number field are scalar functions, i.e., functions from the group to complex
numbers under multiplication. For nonabelian groups, however, their irreps can not
all be scalars, simply because numbers are necessarily commutative. The next pos-
sible option then is to consider matrices or, at a more abstract level, to consider
linear transformations on a vector space, for their representation, and thus bypass
the commutativity constraint. This is indeed what representation theory does. It
deals with the nature and structure of such representations.

A high point of this theory is the result that every representation of a group is
a direct sum of its irreducible representations. Equivalently, it means that the un-
derlying representation space can be decomposed into a direct sum of subspaces of
relatively small dimensions such that (a) each of these subspaces is an invariant sub-
space under each of the linear transformations representing the group and (b) each
one of the subspaces is as small as possible. Representation theory supplies the
algebraic tools for constructing such decompositions.

As discussed in Chapter 4, in a wide variety of signal processing problems, our
starting point consists of a vector space of signals, together with a class of systems
(processors) whose symmetries are characterized by a group of linear transforma-
tions on this space. A common objective in these cases is to identify a suitable
decomposition of the signal space into subspaces that can be separately handled by
the processing systems. In more precise terms, this amounts to the objective set out
in Section 4.5.2 on page 100, which I reproduce here for convenience:

V.P. Sinha, Symmetries and Groups in Signal Processing, Signals and Communication Technology, 143
DOI 10.1007/978-90-481-9434-6_6, © Springer Science+Business Media B.V. 2010
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Remark 6 Given a vector space V and a group P of linear transformations on
V, identify a decomposition V. =V, & Vo & - - - & V}, such that the subspaces V;,
1 =1,...,k, are as small as possible, and are each invariant under every member

of P. [

It is in this context that the reduction techniques of group representation theory
become directly relevant in signal processing. We first consider the case in which
signals are functions on a group.

6.1 Signals as Functions on Groups

Consider the real line, R, as the domain of functions that represent continuous-time
signals. A crucial operation on functions in this context is that of translation, or
shift, in time, as discussed in Section 4.4.2. Thus, for a function f : R — R, we
talk of its translates, or shifted versions, 7f, "f(t) = f(¢t — 7). Furthermore, scaling
of signals in time is of no primary concern in the theory of LTI systems, i.e., for a
function f : R — R, we are not interested here in functions g, ¢(t) := f(rt) for
TeR.

On the whole, we can say that we are concerned here with R not merely as a set
but as one with additional structure. Admittedly, we are not interested here in the
full structure of the real line, which is that of a field, with addition and multiplication
as its two binary operations. We do, however, take into account the fact that, with
respect to the operation of addition, it has the structure of a group. In the specific
case of continuous-time signals, it is the group (R, +). In the discrete-time case, it is
the group (Z, +). In the discrete finite case, one of the choices is the group Z,, under
addition modulo n. When we talk of a translate of a function, we implicitly assume
such a group structure for the index set on which the function is defined. This is
the motivation for thinking of signals very generally as functions on a group, and
of systems for processing such signals as linear transformations with symmetries
characterized by an isomorphic group of translation operators.'

Going back to Remark 6, let the signal space V' be a vector space of functions
from a group G to C (or R), and let P be the group of associated translation oper-
ators isomorphic to G. Then the subspaces V; are the smallest possible subspaces
of V, each of which is invariant under every member of P. A signal f in V' is then
uniquely decomposable into components belonging to the subspaces V;, and the ac-
tion of every member of P on the components can be determined separately. These
components are the so called harmonics (or spectral components) of the signal f.

Remark 7 In the special case when the group G, and consequently the associ-
ated isomorphic group P of translation operators, is abelian (commutative) then

!Translation operators, as explained in Section 4.4.2, may be visualized as generalizations of
the familiar delay lines of circuit and system theory. You may recall the way they are used in a
transversal filter for simulating an LTI system with a given impulse response.
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the subspaces V; are all of dimension one and their basis vectors coincide with
the common eigenvectors of the members of P. Thus, if the group is R under ad-
dition (as in the case of continuous-time signals) then the complex exponentials
emerge as the harmonic components of signals. For electrical engineers, the term
“harmonics” typically means sinusoids or complex exponentials. Within the group
theoretic framework, the term has acquired a much broader interpretation. The spirit
is nonetheless the same throughout. [ )

Very broadly, the subject of harmonic analysis on groups (also known as Fourier
analysis on groups) deals with such decompositions of functions on groups (com-
mutative as well as noncommutative), and their applications in mathematics and
engineering. For an introduction to the subject, the paper by Gross [7] may be
a good starting point. Edwards [4] and Devito [3] should provide further in-
sights. For engineering applications in digital system design, see Stankovi¢ [15]
and Karpovsky [10]. Applications in the area of image understanding are discussed
in Kanatani [9].

6.2 Symmetries of Linear Equations

Another area of applications of representation theory is in the solution of algebraic
and differential equations with symmetries. The collection of papers in Allgower
[1] should give an idea of the kind of work that has of late been going on in this
direction. One particular line of such work has to do with symmetry based block-
diagonalization of a system of linear equations. A very simple example related to
filter design is what I give next to illustrate the basic idea.

Example 6.2.1 Consider the LC' 2-port analog filter shown in the Figure 6.1. It is
the circuit of an insertion-loss low-pass filter of order 5, working between an input
source V; and an output load resistance R2;. A common property of such filters of
odd orders is that their circuits have physical symmetry with respect to the input
and output ports. In this particular example, this is reflected in the fact that the end
inductors are both of value L; and the two capacitors are both of value C'.

Rs Ly Lo Ly

- YY) . YY) — Y YY) .
15 13 4
C C R
1 T L

Figure 6.1 An insertion-loss low-pass filter
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The state equations of the circuit, with vy, vy, 71, 73, and i5 as the state variables,
can be seen to be:

Uy 0 0 «a a 0 Vg 0

d | v 0 00 —a a on 0

6.1) — 14y | =] -=b 0 ¢ 0 0 i | +Vs | 0
dt |, “d d 0 00| i 0

s 0 b0 0 c||is b

where coefficients a, b, ¢, and d are determined by the component values of the
circuit. Let A denote the coefficient matrix of Eq. (6.1):

0 0 a a 0

0 00 —a a

(6.2) A= -b 0 ¢ 00
—d d 0 00

0 -b 0 0 c

Based on symmetry arguments, we can see that the coefficient matrix A com-
mutes with the following matrix P:

010 00
100 00
(6.3) P={000 01
000 —-10
001 00

Note that P and I (the identity matrix of size 5) together form a group of order 2.
Using the reduction procedure discussed in Chapter 5, we are then in a position to
block-diagonalize the matrix A. The procedure leads us to the matrix «:

10 1 00
10 -1 00
(6.4) a=101 0 10
00 0 02
01 0 —-10

with the property that, under similarity transformation by it, the matrix A=a"14a
is in a block-diagonal form with two blocks, one of size 2 and another of size 3:

0a 00 O
b c 00 0
A= 00 0 a 2a
00 b c 0
00 —d 0 0
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Now, define a new set of variables 0y, Uy, %1, ig, and ig, by the equality

U2 Vo
@4 ()
(6.5) | =a | 4
%3 i:ﬂ
%5 i5

(3 0 a 00 O g 0

d ’{)4 b ¢ 00 O 1:}4 0

(6.6) T fl = 00 0 a 2a fl +at 0
13 00 =b ¢ O 13 0

is 00 —d 0 0 is bV,

Owing to the block-diagonal form of the coefficient matrix, Eq. (6.6) separates
out into two sets of uncoupled differential equations. This helps simplify the task
of realizing the original LC filter as an equivalent active state-variable filter.”

Remark 8 As in the example given in Section 4.5.3, here too the matrix o does not
depend on the specific values of the parameters a, b, ¢, and d. It is entirely decided
by the symmetries of the coefficient matrix A. What holds in this respect in the
specific case of a filter of order 5, it also holds for all such insertion-loss filters of
odd orders in general. '

6.3 Fast Discrete Signal Transforms

Yet another major connection of representation theory with signal processing is in
the design of what are called fast algorithms for a discrete finite transform, such as
the discrete Fourier transform (DFT).

Admittedly, the DFT has not come for explicit mention in our discussions. It
is, however, reasonable to assume that the reader is familiar with its wide ranging
applications in signal processing. The reader must also be familiar with the class of
algorithms, collectively known as fast Fourier transform (FFT) algorithms, that are
used in efficiently carrying out DFT computations. For someone interested in revis-
ing the basics, presented in the setting of linear algebra, a good introduction is given
in Frazier [6, Chapter 2]. Although Frazier does not bring in group theory in his
treatment, he does relate the DFT to the eigenvectors of translation-invariant linear
transformations on finite dimensional vector spaces. In that sense his approach does

2To see more clearly the potential relevance of this idea in this context, the reader may consult
texts on active filter design. Two recent ones are Pactitis [13] and Irons [8].
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connect with group representation theory. A tutorial overview of a group theoretic
interpretation of the FFT can be found in Rockmore [14].

Egner and Piischel [5] may be consulted for more on the subject of symmetry
based fast algorithms. They address the very general issue of deriving fast algo-
rithms for a very wide class of what they have called “discrete signal transforms”,
of which the DFT and the discrete cosine transform (DCT) are two special kinds.
A proper understanding of these algorithms and related ideas requires as a prerequi-
site a background in group theory. Hopefully the contents of this book will initiate
the reader in building up such a background.

In closing, I should like to add that several new avenues of exploiting symmetry
considerations in signal processing are just about beginning to open up. One such
avenue is related to the presence of partial symmetries in signals and systems. As
pointed out in Veblen and Whitehead [16, p. 32] and Lawson [11, p. 2], there are
spaces whose groups of automorphisms reduce to the identity.> Group theory as a
tool for studying symmetries does not take us very far in such cases. As Lawson [11]
argues, the theory of inverse semigroups, which deals with partial symmetries, may
provide a more meaningful framework. This calls for fresh and substantive new
investigations.

One can also make a case for considering signals not as members of a vector
space, but rather as subspaces of a vector space. (We do a similar thing when we
talk of events as subsets in probability theory.) In that case the signal space has
the structure of a non-distributive lattice. What about the role of symmetry in the
context of signal spaces so conceived? Will all this be relevant in the modeling
of some real-life situation? The classic paper by Birkhoff and von Neumann [2]
seems to suggest that there may well be such relevance, even in the area of signal
processing. But all that is part of another story!

3The real number field R serves as an example. This point is also discussed in Marquis [12,
p. 35].
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Appendix A

Parentheses, Their Proper Pairing,
and Associativity

A.1 Proper Pairing of Parentheses

We all know how to deal with parentheses in mathematical expressions; what is
their role, how do they pair, what are the rules of pairing, and so on. Let us try to
formalize all this.

To begin with, we have an alphabet of two symbols, the left parenthesis, written
“(” and called here in short “Ip”, and the right parenthesis “)” called “rp”. Then we
have finite strings of such parentheses. Not all such strings are, however, of interest
to us. We want to look at only those that consist of parentheses that are ‘properly’
paired, or matched. Intuitively, we know what proper matching means: for every
Ip there is precisely one matching rp and vice versa, every [lp is to the left of its
matching 7p, and no two matching pairs interlace.

How do we say all this in the language of algebra? Well, one way is to start with
an alphabet A = {(,)}, consisting of the set of the two symbols denoting the two
parentheses, and the set of all finite sequences (or strings) of these symbols.! Let
p; denote the entry in the ¢th position of a string (counted from the left); it may be
either an Ip or an rp. A string is of length n if it has n such entries pi, ps, . . . Dy.
It is convenient here to treat a string s as an indexed set S, with the entries p; as its
members: S = {p;}.

Let f : S — S be a partial function on S that associates an Ip of .S with an rp of
S.? Then, to say that f accomplishes the matching we have in mind is to say that it
meets the following four conditions: (i) f is one-to-one (ii) if p; in .S is an rp then
there is an [p, say p;, such that f(p;) = p; (iii) if f(p;) = p, theni < j (ie., p; is

"Here, and in the subsequent discussions on parentheses, I follow Manaster [3, pp. 5-6].

2 A partial function from a set A to a set B is a function from a subset of A to a subset of B.We
talk of a partial function here because it is defined over only some of the members of B, the right
parentheses.

151
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to the left of p; in s), and (iv) there is no interlacing of [p—rp pairs, i.e., if p; and p;
are Ips with i < j, and f(p;) = py., f(p;) = pj» andif j <7, then j < j' < '

If such a function exists for a string then we say that the string has a proper
pairing. It is such a proper pairing of parentheses that we rely on to specify the
order in which operations have to be performed in an algebraic expression. Crucial
in this respect is the fact that there can not be two alternative proper pairings for the
same string of parentheses.*

Theorem A.1.1 A finite string of left and right parentheses admits of at most one
proper pairing.

PROOF: To check that it is indeed so, we argue by induction on lengths of strings.
We do this by first identifying a pair formed by an Ip followed immediately by an
rp, suppressing the pair, and then relating the resulting string of smaller length to
the original one.

Let p; be the leftmost rp in a string. Assuming that there is a proper pairing of
the parentheses, there is then an Ip, say p;, i’ < i, for which f(py) = p;.° Then it
must be that ' = i — 1. For, suppose there is j', 7 < j' < 4, such that p/; is an Ip,
pairing with p;, an rp (necessarily) to the right of p; (i.e., j > ¢). This will amount
to an interlacing, contradicting our assumption that we have a proper pairing here.
Thus ¢/ = ¢ — 1. In all, if the original string has a proper pairing then there is in it
an [p—rp pair, p;—1p;.

Now the inductive part. Proper pairing requires an even number of parentheses
in a string. So, we need to look at strings of lengths 2(n+ 1) forn = 0,1,2. . .. For
n = 0, there is just one string with proper pairing—the string “()”, and this pairing
is unique. Let us now assume that for any n, i.e., for any string of length 2(n + 1),
if a proper pairing exists then it is unique. Moving from n to n + 1, consider now a
string p1paps - - - PantoPont3Ponta of length 2((n+1)+1) = 2n+4 that has a proper
pairing. As argued earlier, this string has an innermost pair consisting of p;_;, an
lp, paired with p;, the left most rp of the string. Suppressing this pair, we get a
string for which there is at most one proper paring by hypothesis. On the whole, the
original string then also has at most one proper pairing. It then follows by induction
that for any finite string of parentheses, there is at most one proper pairing. =

This would be a good point to look at a text such as Manaster [3, Chapter 1],
whose line of argument I have used here, for additional material related to logic and
formal languages.

3For example, the pairings resulting in [)(7;])<j]))1’/ p)]-r are not allowed, whereas those resulting in

p(,;p(jp)j/ p>1f’ are allowed.

“In organizing a mathematical expression in parentheses, we have in mind a certain order in
which the operations are to be performed, and the parentheses are meant to indicate that order. But
if another proper pairing were possible, then some one evaluating that expression could go by this
other pairing and get a result altogether different from the one intended.

3Tt can not be an p since we have already picked up the leftmost.
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A.2 Parentheses and the Associative Law

Consider a binary operation given on a set S. Adopting the multiplicative notation
for the operation, the associative law says that for any three elements 1, x3, 23 € S,
their products formed in the two possible ways for the given order are equal:
(x1m9)x3 = x1(T273). So, if the given operation is associative, we omit the paren-
theses and simply write x;z,x3 for the unique product.

Now, if we have more than three elements, we can form their product in suc-
cessive steps in various different ways. Thus for four elements, x1, x5, x3, 24, for
instance, we get (z122)(2324), (21(22x3))xy, ((x122)x3)2T4, amongst several oth-
ers. Clearly, the second and the third ones are equal—applying the associative law
to the first factor of the former, we get the latter. What about the first one? Well,
again by the associative law, we have (z1x9)(2324) = ((x122)x3)24.

We wish to show that the associative law implies equality of such products for
any finite number of elements. To be more specific, for elements x1, xs, . .., x, € .5,
n > 3, consider their products formed in various different ways, each of these in
several successive steps indicated by parentheses. We use induction to show the
following.

Proposition A.2.2 For the given order in which the elements 1, xs, . . . , X, appear,
their product under an associative binary operation is in the end the same for any
n > 3, irrespective of the differences in the successive steps. This unique product
we simply write as x1%s . . . T, leaving out the parentheses.

Let us say that the proposition is true for elements numbering less than n. Now,
for n elements, any particular way of forming their product will in the last step have
two factors having less than n elements in each. The product thus takes the form
(129 ... x) (a1 - - . 2,) for some k < n. Likewise, some other way of forming
the product yields (2125 ... 2;) (241 ... x,) for some | < n. Without any loss of
generality, let us say that [ < k. Then, by the associative law, we have

(122 xp) (T - Tn) = (wrxe..ox)(Trgr o ) (Thgr - - - Tn)

(129 . x) (g1 -+ X)) -

In other words, any two different ways of forming the product give the same result.
Given that the proposition is true for n = 3 (the associative law), it follows that it
is true for all n > 3.!

Aside 4 There are some fine points that we need to take notice of here. In many
situations, associativity is not directly stipulated for the given binary operation.
It inherits it from that of another operation in terms of which it is defined. Con-
sider for instance the case of union of sets. We say that for two sets S} and Ss, their

'For more on this and other related issues, see Kochendorffer [2, pp- 1-4] and Artin [1,
pp. 40-41].
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union S; U Sy = {x|z € S;or z € Sp}. So defined in terms of the set membership
relation ‘€’ and the logical connective ‘or’ (a binary operation on propositions), the
union operation is associative because the connective ‘or’ is so by definition. We
may thus invoke Proposition A.2.2 for the union operation applied to n sets and
write the union as S; U So U --- U S,,.

We may alternatively define union of n sets in general as S; U S U---U.S, =
{z|z € Siorxz € Syor ---orxz € S,}. In this definition, Proposition A.2.2 is
invoked at the inner logical level for the connective ‘or’, and S; U S becomes a
special case. Of course, whether we define union this way or we first define it as a
binary operation and then through repeated applications for n sets, effectively the
same purpose is served.

Finally, there is also a point about notation. In S; U S5, the symbol ‘U’ denotes
a binary operation whereas in .S; U Sp U - - - U S,,, its repeated presence denotes an
n—ary operation. Considering the close connection between the two and the result-
ing convenience, this ambiguity is harmless. Q@
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